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ABSTRACT: Steady seepage from two-dimensional domains is investigated using a dimensionless formulation
for variably saturated media that depends on three dimensionless parameters, M, n, and a. The parameter M is
the product of the anisotropy ratio and the squared ratio of the vertical length scale to the horizontal length
scale. The parameter n increases with the uniformity of the pore sizes, and a represents the ratio of the domain
height to the height of the capillary fringe. Our modeling results show that the seepage face height in rectangular
domains is always larger than the seepage face height computed from saturated flow models. The results also
show that the seepage face height increases with increasing M, increasing n, and/or decreasing a. The outflows
computed from the present model are always larger than the outflows computed by the Dupuit assumption.
Nomographs for rectangular and trapezoidal domains simulating trenches and dams are presented.
INTRODUCTION

Seepage faces occur commonly in unconfined ground-water
flows. Accurate estimation of the seepage face height is im-
portant in investigating the stability of porous structures
(Freeze and Cherry 1979). Equally important is the computa-
tion of the outflow (or discharge) from unconfined domains;
outflow values are needed, for example, in the design of con-
structed wetlands (Sanford et al. 1993).

Dupuit (1863) was the first to present analytical solutions
for water table profiles and outflows from long rectangular
two-dimensional (2D) domains under steady-state conditions.
In obtaining these formulas, two assumptions were made: (1)
The flow in the unsaturated zone is negligible; and (2) the
vertical component of the flow below the water table is neg-
ligible with respect to the horizontal component. Charni (1951)
showed that, regardless of the flow distribution below the wa-
ter table, the Dupuit outflow from rectangular domains is exact
provided the unsaturated flow is neglected (Assumption 1).
The use of Dupuit’s derivation for determining the shape of
the free surface in porous media has been less satisfactory
because Dupuit did not take into account the existence of a
seepage face in his analysis (Muskat 1937). Many analytical
and numerical models have been used to compute the seepage
face height for saturated media (Assumption 1). Polubarinova-
Kochina (1962) presented extensive results in a dimensionless
form for various isotropic homogeneous domains under many
steady flow conditions. Results for seepage face height from
numerical saturated ground-water models have been presented
by many workers. A survey of these models was written by
Cryer (1976), and a comparison of different methods was pub-
lished by Craig and Wood (1981). However, many physical
situations are encountered where flow occurs in the unsatu-
rated zone. Thus, the seepage face and the outflow results ob-
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tained from saturated flow models (analytical and numerical)
are limited in application because these models cannot be used
to investigate the hydraulics in fine textured media, such as
earth dams and constructed wetlands.

Water flow in unsaturated media has been modeled using
Richard’s equation (Richards 1931). Due to the nonlinearity
of Richard’s equation, analytical solutions have been obtained
for particular cases only (Broabridge and White 1988; Warrick
et al. 1991; Basha 1994). Variably saturated numerical models,
on the other hand, are able to simulate a wide range of un-
confined flow regimes (Freeze 1971; Neuman 1973; Guregh-
ian 1983; Voss 1984; Huyakorn et al. 1986). The effects of
the unsaturated flow parameters on the seepage face height and
on the outflow from the domain have not been investigated in
depth, however. Shamsai and Narasimhan (1991) presented a
numerical investigation of steady-state unconfined flows in 2D
isotropic rectangular domains. Their results were obtained for
isotropic domains and, hence, could not account for anisot-
ropy. Furthermore, the results were reported in a dimensional
form, which does not allow extension to other values of un-
saturated flow parameters. Boufadel et al. (1998) presented a
dimensionless formulation and a finite-element model for 2D
variably saturated flow in anisotropic media. In the current
manuscript, the formulation and model are used to investigate
the effects of the unsaturated zone on seepage face heights and
outflows from hypothetical unconfined anisotropic rectangular
domains. An application for an earth dam is presented.

GOVERNING EQUATIONS

Neglecting the compressibility of water and the source/sink
term, the governing equation for 2D variably saturated flow in
porous media written in a dimensionless form is (Boufadel et
al. 1998)

­S ­c ­ ­c ­ ­c
f 1 S S = M K 1 K 1 1 (1)s x zS D S F GD

­t ­t ­x ­x ­z ­z

where M = dimensionless number given by
2K Lx0 z

M = (2)2K Lz 0 x

and where Kx = Kz = x = x*/Lx; z = z*/Lz; t =K*/K ; K*/K ;x x0 z z0

t*/(Lz /Kz0); Ss = ; c = c*/Lz; and the (*) stands for di-S*Ls z

mensional quantity. The term f is the porosity (-) [where (-)
signifies dimensionless quantity], S is the soil moisture ratio
(-) (or relative soil moisture) given by S = u/f where u is the
water content (-); c* is pressure head (L); is the specificS*s
storage per unit water weight (L21), given by = df/dc*;S*s
and and are the horizontal and vertical hydraulic con-K* K*x z



ductivities, respectively, and they are assumed to be parallel
to the major axes of anisotropy. The subscript 0 represents the
saturated hydraulic conductivities.

The soil moisture and the hydraulic conductivity are cor-
related experimentally to the pressure head by the van Genu-
chten model (1980), which is written in a dimensionless form
as (Boufadel et al. 1988)

for c $ 0.0 K = K = 1.0 (3a)x z

For c < 0.0:
m

S 2 S 1r
S = = (3b)e F Gn1 2 S 1 1 (a uc u )r

(1/2) 1/m m 2K = S [1 2 (1 2 S ) ] (3c)j e e

where j = (x, z); m = 1 2 1/n; and a = a*Lz. The parameter
a* represents a characteristic pore size, and higher a* values
imply a coarser material. The inverse of a* provides an estimate
of the capillary fringe (zone of considerable moisture) (Bear
1972). The term n represents the uniformity of the porous me-
dium with higher values of n implying a more uniform pore
space distribution (van Genuchten 1980; Wise et al. 1994).

Under steady-state conditions, all of the terms associated
with the temporal derivative in (1) vanish; the effective satu-
ration ratio is computed directly from the second equality in
(3b), which depends solely on n, a, and c. Hence, f, Ss, and
Sr values need not be considered in the remainder of this man-
uscript. Only M, n, and a are needed. The dimensionless num-
ber M combines the effects of anisotropy and the aspect ratio
of the porous medium. The dimensionless number a represents
the ratio of the domain height Lz to the thickness of the cap-
illary fringe 1/a*.

MODEL IMPLEMENTATION

The numerical model developed by Boufadel et al. (1998)
is a Galerkin finite-element model for 2D flows in variably
saturated anisotropic media. Time integration is done using the
modified Picard method with mass lumping (Celia et al. 1990),
and triangular finite elements are used for spatial discretization
(Huyakorn and Pinder 1983). At each Picard iteration, the re-
sulting system of linear equations is solved using a standard
band Choleski decomposition method (Najem 1982; Istok
1989). Details of the modeling approach, model verification,
and model validation are given by Boufadel (1998) and Bou-
fadel et al. (1998).

APPLICATIONS

Seepage Face Boundary

A seepage face is an external boundary of the saturated zone
where water leaves the soil and the pressure head c is uniformly
zero. The height of the seepage face is generally not known a
priori and is determined iteratively. Following Neuman (1973)
and Pinder and Gray (1977), the location of the seepage face is
first estimated then updated as follows: At all nodes with c <
0, a Neuman-type boundary is specified with the inwardly di-
rected normal Darcy flux q set to zero. The final solution should
provide negative values of q at nodes where the pressure is
prescribed as zero (i.e., outward flow) and negative values of c
at nodes where q is prescribed as zero. More information is
found in Neuman (1973) and Cooley (1983). The location of
the seepage face requires a check on the Darcy flux, which is
computed usually be taking the derivatives (numerically) of the
computed pressure head over each element. In this work, the
Darcy fluxes are computed according to the method presented
by Yeh (1981) because this method achieves continuity of the
Darcy flux across element boundaries. The normal flux to the
seepage face is computed subsequently.

Steady-State Seepage through Rectangular Domain

This example concerns the development of a seepage face at
the outlet of a rectangular domain under steady-state flow con-
ditions. The dimensionless domain is a square of dimensionless
side lengths equal to 1.0. The boundary condition on the whole
left side of the domain is c (x = 0, z) = z (hydrostatic), and on
the right side of the domain c (x = 1, z = 0) = 0 (no tailwater).
The nodal spacing in both x- and z-directions is Dx = Dz = 0.01,
forming a mesh of 10,201 nodes and 20,000 triangular finite
elements. The fine mesh is intended to reduce discretization
errors in the computation of the seepage face height and the
outflow. Since steady-state results are sought, the model was
run in the transient regime with increasing time steps until no
variation in the solution was observed (i.e., convergence).

Seepage Face Height

Results for various values of M and (a, n) pairs are plotted
in Fig. 1. The a values were chosen to represent two situa-
FIG. 1. Variation of Seepage Face Height from Rectangular Domains as Function of M for Four (a, n) Pairs
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FIG. 2. Effects of a on Water Table Profile and Comparison with Water Table Profile Obtained from Saturated Flow Model (Hornung
and Krueger 1985)
tions: a = 10.0 represents a case where the capillary fringe is
;10% of the height of the domain, whereas a = 0.5 was cho-
sen to represent a situation where the capillary fringe extends
to the top of the domain. The n values were selected in the
intermediate range of the values reported in the literature (van
Genuchten 1980; Morell-Seytoux et al. 1996).

As seen in Fig. 1, the location of the seepage face is much
more sensitive to the parameter M than to the unsaturated-flow
parameters. Large M values correspond to a large ratio of the
vertical dimension to the horizontal dimension or to high an-
isotropy ratio (defined as Kx0 /Kz0). In both cases, the water
table would reach the exit wall of the domain without a con-
siderable drop in height. Conversely, when M was decreased,
the seepage face height dropped. These results are consistent
with observations by Shamsai and Narasimhan (1991) for a
rectangular isotropic domain.

As seen in Fig. 1, the effect of the unsaturated-flow param-
eters (a, n) on the seepage face height is small at the extrema
of M, especially at M = 100. However, marked differences in
the seepage height are observed at intermediate values of M
('1.0). Fig. 1 shows, as expected, that the seepage face height
decreases with increasing a. Fig. 2 shows the water table (or
phreatic surface) in the domain for M = 1.0, n = 4.0, and two
values of a. It also shows the water table profile as obtained
from Hornung and Krueger (1985), which was based on the
Polubarinova-Kochina (1962) approach (saturated flow
model). For both a values, the seepage face height obtained
from the present model was larger than the one obtained from
the saturated-flow model (Hornung and Krueger 1985). Sham-
sai and Narasimhan (1991) reported a similar observation in
isotropic media. For a large a value, the water table profile
from the present model approached the water table profile of
the saturated flow model. However, as a decreases, capillary
forces increase, and because they have their major effects in
the vertical direction (upward), the seepage face height in-
creases. Hence, the seepage face height obtained by including
the contribution of the unsaturated zone will always be larger
than the one obtained from the saturated flow model.

The effect of n on seepage face height is minor when com-
288 / JOURNAL OF HYDRAULIC ENGINEERING / MARCH 1999
pared to the effects of M and a (Fig. 1), which shows that the
dimensionless formulation is adequate for investigating a wide
range of seepage problems. This is because the parameter n is
an intrinsic property of the medium whereas M and a can be
obtained for any type of soils.

Contribution of Unsaturated Zone to Outflow

The dimensionless inflows and outflows from the domain
were computed by integrating the horizontal dimensionless
Darcy flux, qx = Kxdc/dx, along the left boundary and the
seepage face height, respectively. The maximum difference be-
tween inflows and outflows was <1% in most cases and <3%
for M = 0.01. The errors in mass balance occurred most likely
in the Darcy flux computation at the exit boundary of the do-
main due to high pressure head gradients. Fig. 3 shows the
dimensionless outflow from the domain for the previous values
of M, a, and n.

All of the dimensionless outflow values are >0.5, which
corresponds to the dimensionless outflow computed by assum-
ing saturated flow only (Charni 1951)

2 2 2 2(j 2 j ) (1.0 2 0.0 )Inflow Outflow
Q = = = 0.50 (4)Charni 2L (2)(1.0)

where j = total head given by j = c 1 z. Eq. (4) can be
obtained using the Dupuit assumption (Bear 1972). Shamsai
and Narasimhan (1991) reported that the outflow computed
using their variably saturated model was in some cases ;25%
more than the outflow computed by (4).

The total horizontal flow at a section x, at steady state, is
given as follows:

H h(x) H

Q(x) = Q = q dz = q dz 1 q dz (5)x x xE E E
0 0 h(x)

where the fact that Q(x) is uniform with respect to x is ex-
plicitly shown. H is the height of the domain (constant herein).
The first term on the right-hand side represents the flow in the
saturated zone while the second term represents the flow in



FIG. 3. Variation of Outflow from Rectangular Domain as Function of M for Four (a, n) Pairs

FIG. 4. Variation of Second and Third Terms in Eq. (10) and Their Sum as Function of a for M = 0.1 and n = 4.0
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the unsaturated zone. Thus, the total flow across every section
x is the sum of the flow occurring in the saturated and unsat-
urated zones, namely

Q = Q (x) 1 Q (x) (6)sat uns

Notice that Qsat is generally different from QCharni; it is only
the horizontal flow under the water table at section x and can
thus vary with x, whereas QCharni is uniform with respect to x.
The total outflow from the rectangular domain can now be
written (see Appendix I)

H L H2H 1 ­K
Q = K 2 Kc dz 1 c dz dx (7)0 E E FE G2L L ­xh 0 hs

The first term on the right-hand side is the outflow QCharni. The
term hs is the seepage face height. Both the second and the
third terms are positive (because c and dK/dx are negative
above the water table). Hence, the contribution of the unsat-
urated zone is to increase the outflow from the domain. The
second term depends on the pressure head distribution (in the
unsaturated zone) at the exit face of the domain only, whereas
the third term depends on the pressure field in the whole un-
saturated zone.

The contribution of the second and the third terms to the
outflow from the domain varied significantly with the parameter
a. Fig. 4(a) shows, for M = 0.1 and n = 4, the variation of the
second and third term and their sums as a function of a. Fig.
4(a) shows that the total unsaturated flow decreased with a. It
also shows that the second term of (7) decreased rapidly and
almost linearly for 0.5 < a < 2.5 and continued decreasing
afterward at a gentler rate. The third term, however, did not
vary in a monotonic fashion with a. It increased for a < 2.5
and decreased linearly afterwards. This behavior can be ex-
plained based on the height of the capillary fringe. For small
values of a the capillary fringe is large and the unsaturated
hydraulic conductivity K in the domain is very close to its max-
imum value given by the saturated hydraulic conductivity K0

(van Genuchten 1980; Boufadel et al. 1998). Although K is
large, its variation is small thereby rendering the third term
small. However, the second term depends directly on K and not
on its variation; hence, it increases with K (i.e., for small a
values). For large a values, the capillary fringe is small. Hence,
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the second term is small because large values of K are associ-
ated with a near-zero pressure head. The third term decreases
for very large a values because K is then near zero; hence, its
variation is very small. It is only at intermediate a values (a '
2.0) that the third term reaches its maximum.

Fig. 4(b) shows the variation of the ratio of the second and
the third terms to their sum (which varies with a) as a function
of a. At small values of a, the major contribution to the un-
saturated flow comes from the second term in (7), whereas for
a $ 2.5, the major contribution comes from the third term.

In Fig. 3, for a constant (a, n), the outflow approached the
value of 0.5 with increasing M that is contrary to the underlying
assumptions of (4). This interesting paradox is explained by
noticing that in (7), the contribution of the unsaturated flow
increases with the difference between H and hs, which increases
with a decreasing M. Therefore, it is concluded that (4) under-
predicts greatly the outflow from long rectangular domains.

Although the effect of n on the total outflow is minor in
comparison to the effects of M and a (Fig. 3), an explanation
is readily available. Decreasing n results in an increase in the
density of pores that are too small to allow passage of water
through them (Wise et al. 1994). Thus, although a large
amount of water is retained in the unsaturated zone, the un-
saturated flow is small because most of the water is immobile
in that zone.

Linear Pressure Profile

Eq. (7) requires knowledge of the pressure head field in the
unsaturated zone, which can be accurately obtained only from
a variably saturated numerical model. Here, following Li et al.
(1997) the outflow resulting from assuming that the pressure
head varies linearly with elevation (hydrostatic) in the capillary
fringe is investigated. The quantities h(x) and dc/dx in the third
term of (7) require knowledge of the pressure head variation in
the horizontal direction that is assumed to be linear. Thus, the
water table is assumed to vary linearly from H to hs and dc/dx
= 2(H 2 hs), an assumption that does not affect the second
term in (7). The hydraulic conductivity is computed from (3)
after substituting the elevation above the capillary zone to the
pressure head c. The seepage face height hs (Fig. 1) is assumed
to be found accurately from the analytical solution that assumed
FIG. 5. Variation of Percent Difference between Total Outflow Computed under Linear Pressure Distribution Assumption, QL, and
Outflow Given by Present Model, Q



a hydrostatic pressure distribution in the capillary fringe. The
hydraulic conductivity is computed from (3) after substituting
the elevation above the capillary zone to the pressure head c.
Numerical integration of qx was performed from the water table
to the minimum of H and (h 1 1/a).

Fig. 5 shows the relatively small difference between the
outflows computed under the linear pressure distribution as-
sumption QL and the outflows computed from the numerical
model Q in Fig. 3. The largest difference (;12%) occurred
for 0.1 < M < 1.0, whereas the difference for M $ 2.5 was
&5%. The difference between QL and Q, for a = 10.0, in-
creased (in absolute value) with decreasing M and started to
level off at low M values (note the logarithmic scale). How-
ever, a different behavior was observed for a = 0.5; the dif-
ference between QL and Q increased with decreasing M until
M = 0.1 for n = 0.4 (M = 0.5 for n = 2.0) and then decreased
for M = 0.01. For both a values, the outflow QL depended
greatly on the unsaturated characteristics of the soil, especially
at low M values. For a = 0.5, QL overpredicted the correct
outflow Q, whereas two situations were observed for a = 10.0;
QL overpredicted Q for n = 2.0 and underpredicted it for n =
4.0. However, the difference between QL and Q for a = 10
was generally smaller than the one for a = 0.5. Therefore, it
is concluded that the linear profile approximation tends to pro-
vide a better estimate for the outflow for a system with a small
capillary fringe than for a system where the capillary fringe is
affected by the upper (impermeable) boundary of the domain.
For a = 0.5, the effect of the top boundary decreases at M =
0.01 due to a reduction in the seepage face height. At large M
values the effect of the top boundary on the flow distribution
is large but the unsaturated flow is small. It is only at inter-
mediate values of M that QL deviates greatly grom Q. For both
a = 0.5 and a = 10, QL at n = 2 agreed more closely with Q.
It may be concluded that the linear pressure profile distribution
assumptions are more valid for soils with a relatively wide
pore-size distribution.

Variation of Unsaturated Flow

Eq. (7) provides only the outflow from the domain (i.e.,
the flow at x = L) and does not show clearly the interaction
between the saturated and the unsaturated zones within
the domain. By considering the second term in (10) and using
the integral mean value theorem (Atkinson 1978) one can
write

H H
­c ­c

Q (x) = 2 K dz = 2 K dz (8)uns E S D E
­x ­xh ave h

Thus, Quns(x) is positive being the product of two positive
terms. At x = 0, Quns(0) = 0 because h = H and the integral is
zero, whereas at x = L, the gradient (2dc/dx)ave is zero (no
flow boundary) rendering Quns(L) = 0. Thus, Quns is a positive
quantity that equals zero at both x = 0 and x = L, which in-
dicates that it must pass through one maximum (at least) be-
tween these two points. This implies, when considering (6),
that Qsat has a minimum at the same location because the total
horizontal flow Q is uniform at steady state. Fig. 6(a) shows
for M = 0.1, a = 0.5, and n = 4 what the present analysis
predicted; Quns increased from 0.0 to 0.34 at x = 0.79 and then
decreased to near zero (0.008) at the outlet. Qsat showed the
converse behavior with a minimum value of 0.36 at x = 0.79.
Thus, for small M values, the horizontal unsaturated flow can
be ;100% of the horizontal saturated flow in the domain. For
M = 10, a = 0.5, and n = 4, Fig. 6(b) shows that the contri-
bution of the unsaturated flow to the total horizontal flow is
negligible. The maximum value of Quns, 0.015, is ;2% of the
minimum saturated flow Qsat, 0.495. Notice that the error in
the total outflow takes place only at the seepage face of the
FIG. 6. Distribution and Magnitude of Unsaturated and Satu-
rated Flows as Functions of x for (a = 0.5, n = 4.0) and for: (a) M
= 0.1; (b) M = 10.0

domain due to high pressure gradients as seen in the small
‘‘jump’’ around x = 1.0 in Figs. 6(a and b).

Dimensional Outflow

The dimensional outflow from the domain can be written
as

Q* = K L MQ (9)z 0 x

where Q = dimensionless outflow of the domain given in Fig.
3. Eq. (9) provides an explanation for the numerical obser-
vation of Shamsai and Narasimhan (1991) that the outflow
from the isotropic domain (Lx = 3.0 m, Lz = 2.0 m) adopted
from Vauclin et al. (1979) was almost proportional to the
saturated hydraulic conductivity. The M value of that system
is ;0.5, which results in a maximum variation of the outflow
with unsaturated parameters of <8% (Fig. 3). The effect of
this variation on the dimensional outflow is overshadowed by
large changes in the saturated isotropic hydraulic conductivity.
Notice that the values of the hydraulic conductivities do not
affect the dimensionless outflow Q; it is rather their ratio
that appears in the governing equation (1). Thus, the variation
of the dimensional outflow is almost proportional to the
JOURNAL OF HYDRAULIC ENGINEERING / MARCH 1999 / 291



FIG. 7. Geometry and Boundary Conditions of Trapezoidal
Dam

variation of the saturated isotropic hydraulic conductivity.
Eq. (9) shows that the quasi-proportionality of the total out-
flow to the saturated hydraulic conductivity exists in aniso-
tropic media provided the ratio of anisotropy (hence M) is
conserved.

The practical aspect of the present analysis of seepage prob-
lems in rectangular domains is seen in the nomographs in Figs.
1 and 3. The ranges of M, a, and n were intended for most
man-made systems such as constructed trenches and con-
structed wetlands. For intermediate values, linear interpolation
between existing values can be used.

Steady-State Seepage through Dam

Under a steady-state regime, failures of an earth dam can
result from excessive seepage, from piping at the toe, or from
slope failures on the dam faces. Many textbooks provide de-
sign features to reduce the probability of failure (Cedergren
1967; Spangler and Handy, 1982). In most cases, the solution
results in a reduction of the seepage face height by lowering
the highest exit point at the downstream face of the dam
(Freeze and Cherry 1979). For this reason, a nomograph is
presented herein for seepage face height for a typical dam on
an impermeable stratum as shown in Fig. 7. The geometry of
the domain was selected to represent average-sized dams be-
cause the crest width is 20% of the base of the dam, which
would be large for larger dams (Cedergren 1967). Fig. 8 shows
seepage face heights for a wide range of M. The large values
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of M do not necessarily result from the aspect ratio Lz /Lx,
which is dictated by stability requirements; they can result
from anisotropy due to compaction (Cedergren 1967). The
variation of the seepage face height with a and n at large M
is similar to the rectangular section. However, the seepage face
height increased at smaller values of M, which is due to the
sloping downstream face of the dam. This is because small
values of M result in water flowing more freely in the hori-
zontal direction than downward, toward the narrow end of the
dam. The value M ' 0.05 provided the most economical so-
lution because it resulted in the smallest seepage height. A
complete set of nomographs for dams of various geometry is
not presented here for brevity.

SUMMARY AND CONCLUSIONS

Seepage problems were investigated using a dimensionless
formulation for water flow in 2D variably saturated anisotropic
media. The dimensionless formulation depended on three di-
mensionless parameters, M, n, and a. M is the product of the
anisotropy ratio and the squared ratio of the vertical length
scale to the horizontal length scale. The parameter n represents
the pore size distribution and a represents the ratio of the
vertical length of the domain to the height of capillary fringe.
The nondimensionalization is not limited to the van Genuchten
model, and it can be used with other capillary-retention models
provided they are dimensionally homogeneous [such as the
Gardner (1958) model]. If this is not the case, an empirical
correlation similar to the work of Morell-Seytoux et al. (1996)
should be obtained between such models and the van Genu-
chten model. For a rectangular domain, the seepage face height
decreased with decreasing M, decreasing n, and/or increasing
a. The dimensionless outflow increased with decreasing M,
increasing n, and/or decreasing a. Within the domain, the un-
saturated flow reached 100% of the saturated flow at low M
values. The dimensionless outflows QL, computed by assuming
a linear pressure variation in the horizontal direction and a
hydrostatic pressure profile in the capillary fringe, agreed more
closely with the outflows computed from the present numerical
model at large a values than at small a values. Nomographs
for rectangular domains and trapezoidal dams were presented.
For trapezoidal domains, the seepage face height decreased
first with decreasing M and increased later at low values of
M. This allowed the selection of the most economical aspect
ratio of a hypothetical dam.
FIG. 8. Dimensionless Seepage Face Height for Trapezoidal Domain as Function of M for Four (a, n) Pairs



APPENDIX I

By applying Darcy’s law, (6) is rewritten
h H

­c ­c
Q = 2 K dz 2 K dz (10)E E

­x ­x0 h

where the dependence of h on x is not shown explicitly. Using
integration by parts on the second term on the right-hand side
of (10), one obtains the following:

H H H
­c ­ ­K

Q (x) = 2 K dz = 2 (Kc) dz 1 c dzuns E E E
­x ­x ­xh h h

(11)

By the Leibnitz rule (Dean and Dalrymple 1984)
H H

­ ­ ­H
Kc dz = (Kc) dz 1 K(x, H )c(x, H )E E

­x ­x ­xh h

­h
2 K(x, h)c(x, h)

­x (12)

The second term is equal to zero because H does not vary with
x, and the third term is identically equal to zero because the
pressure c(x, h) is zero at the water table by definition. Thus,
(10) is rewritten

h H H
­c ­ ­K

Q = 2K dz 2 cK dz 1 c dz (13)0 E E E
­x ­x ­x0 h h

where K0 being a constant is taken out of the first integral.
Multiplying both sides of (13) by dx and integrating from x =
0 to x = L, one obtains

L h L H L2h
Q dx = 2K j dz 2 2 cK dz0E FE G FE G20 0 0 h 0

L H
­K

1 c dz dxE FE G
­x0 h (14)

Notice that Q is outside of the integral because it is a constant;
Q = horizontal flow in the whole domain and not only in the
saturated zone as assumed by (4). The details of the compu-
tation of the first term are shown in Bear (1972); hence, only
the final result will be shown here. The second term becomes

H L H(L) H(0)

2 cK dz = 2 cK dz 1 cK dz (15)FE G E E
h 0 h(L) h(0)

The second term on the right-hand side is equal to zero be-
cause h(0) = H. Using the result of (15) and dividing both
sides of (14) by L, (7) is obtained.
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APPENDIX III. NOTATION

The following symbols are used in this paper:

h = height of water table from impermeable stratum;
hs = height of seepage face from impermeable stratum;
K = hydraulic conductivity for isotropic domains;
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Kx = horizontal hydraulic conductivity;
Kz = vertical hydraulic conductivity;

Kx0 = saturated horizontal hydraulic conductivity for an-
isotropic domains;

Kz 0 = saturated vertical hydraulic conductivity for aniso-
tropic domains;

K0 = saturated hydraulic conductivity for isotropic do-
mains;

L or Lx = horizontal length of domain;
Lz or H = vertical length of domain;

M = product of anisotropy ratio and squared ratio of ver-
tical length to horizontal length;

n = van Genuchten coefficient of uniformity of pore
space;

Q = outflow rate from numerical model;
QCharni = outflow rate from saturated flow model;

QL = outflow rate under linear pressure distribution as-
sumptions;

Qsat = total flow rate below water table;
Quns = total flow rate above water table;

x = horizontal distance;
z = vertical distance;

a = a*Lz = ratio of vertical length to height of capillary fringe;
a* = van Genuchten (1980) parameter;

j = total head; and
c = pressure head.


