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Abstract. Existing fractal studies dealing with subsurface heterogeneity treat the
logarithm of the permeability K as the variable of concern. We treat K as a multifractal
and investigate its scaling and fractality using measured horizontal K data from two
locations in the United States. The first data set was from a shoreline sandstone near
Coalinga, California, and the second was from an eolian sandstone [Goggin, 1988]. By
applying spectral analyses and computing the scaling of moments of various orders (using
the double trace moment method [Lavallee, 1991; Lavallee et al., 1992]), we found that K
is multiscaling (i.e., scaling and multifractal). We also found that the so-called universal
multifractal (UM) [Schertzer and Lovejoy, 1987] model (essentially a log-Levy multifractal),
was able to reproduce the multiscaling behavior reasonably well. The UM model has three
parameters: «, o, and H, representing the multifractality index, the codimension of the
mean field, and the “distance” to stationary multifractal, respectively. We found (o = 1.7,
o =023, H=022) and (a« = 1.6, 0 = 0.11, H = 0.075) for the shoreline and eolian data
sets, respectively. The fact that « values were less than 2 indicates that the underlying
statistics are non-Gaussian. We generated stationary and nonstationary multifractals and
illustrated the role of the UM parameters on simulated fields. Studies that treated Log K
as the variable of concern have pointed out the necessity for large data records, especially
when the underlying distribution is Levy-stable. Our investigation revealed that even larger

data records are required when treating K as a multifractal, because Log K is less

intermittent (or irregular) than K.

1. Introduction

Field measurements of the intrinsic permeability K have
shown that it is highly heterogenous and that the bounds of
heterogeneity increase as the scale of observation is increased
[Molz and Boman, 1993]. The latter property is indicative of
the statistical nonstationarity of K, which results in an appar-
ent correlation length increasing with the scale of measure-
ments. The combination of irregular, heterogenous K and sys-
tematic increase of the irregularity with scale has led several
researchers to apply fractal concepts [Mandelbrot, 1982] to Log
K (throughout this work, “Log” and “log” refer to the natural
logarithm and the logarithm base 10, respectively). Early
monofractal models used in subsurface hydrology were the
fractional Brownian motion (fBm) and the fractional Gaussian
noise (fGn) models [Mandlebrot, 1982]. These models were
adopted by various researchers [Hewett, 1986; Molz and Bo-
man, 1993, 1995]. A more recent monofractal model is the
fractional Levy motion (fLm) [e.g., Samorodnitsky and Taqqu,
1994], introduced to the field of subsurface hydrology by
Painter and Paterson [1994] (see also Painter [1996] and Molz et
al. [1997]). Recently, Liu and Molz [1997] treated Log K as a
multifractal. They used for this purpose the so-called universal
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multifractal [Schertzer and Lovejoy, 1987] model (essentially a
log-Levy multifractal).

All of these approaches treated Log K as the variable of
concern. So the actual K distribution is an exponentiated
monofractal or an exponentiated multifractal. Exponentiated
Levy monofractals and the exponentiated multifractal ob-
tained by Liu and Molz [1997] produce fields having no finite
theoretical statistical moments. Painter [1998] developed a
bounded fLm model that allows the existence of finite low-
order statistical moments upon exponentiation, and recently,
Painter and Mahinthakumar [1999] conducted numerical exper-
iments and found that a bounded fBm or fLm model of Log K
results in essentially a multifractal Log K.

In our opinion, there is no obvious reason to treat K through
the “window” of the logarithm, and we propose to treat it
directly as a multifractal. We analyze for this purpose intrinsic
permeability data from two fields in the United States and test
the multifractality of K. We also estimate the parameters of
the so-called universal multifractal (UM) model developed by
Schertzer and Lovejoy [1987] and use the estimated parameters
to generate synthetic multifractal fields.

2. Multifractals

Multifractals is a relatively new mathematics introduced in
the 1980s to study strange attractors [Hentschel and Procaccia,
1983; Halsey et al., 1986] and the spatial distribution of the
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Figure 1. Schematic of a multiplicative cascade. The ensem-

ble average of ¢ is conserved at any level. As one proceeds
down the cascade, the field becomes more intermittent.

kinetic energy dissipation rate in fully developed turbulence
[Frisch and Parisi, 1985]. Following existing works in geophys-
ics, we will borrow from the latter situation in presenting mul-
tifractals and applying them to K fields.

Kolmogorov [1949, 1962], Obukhov [1962], and Yaglom
[1966] had established that in fully developed turbulence,
large-scale eddies transmit their kinetic energy without dissi-
pation to smaller-scale eddies, which in turn transmit their
energy (without dissipation) to smaller-scale eddies, down to
the Kolmogorov scale, where energy is dissipated by viscosity.
This process has been represented mathematically with a mul-
tiplicative cascade, which, to date, appears to be the only mech-
anisms for generating a stationary multifractal field.

Figure 1 illustrates the construction of a three-level multi-
plicative cascade in a one-dimensional space. Consider the
field ¢, at step O distributed uniformly over the length L,
divide L in b segments (b = 2 in Figure 1, but any other
integer value >2 could be used), generate b positive random
variables W, ; (i = 1, j = 1, b) (the probability distribution
of the weights is discussed below), and multiply each one of
them by the field in a corresponding segment selected ran-
domly. Repeat at level 2 the procedure conducted at level 1
using b2 weights. Hence the field ¢, is random for i > 1, and
the scale ratio A = b increases with each cascade step i. The
weights have to be selected such that their average is equal to
1 at each cascade level to conserve the average value of the
field at each level. When the cascade is iterated indefinitely (A
tends to infinity), the resulting field ¢ is a statistical multifrac-
tal (as opposed to a deterministic multifractal). However, from
a practical point of view, it suffices that the scale ratio becomes
sufficiently large (say, i > 7) to obtain an essentially multi-
fractal field (see, for example, the work of Meneveau and
Sreenivasan [1987a]).

If one requires conservation of the ensemble average of the
field at each cascade level (W) = 1 (where angle brackets
designate ensemble average), then a so-called canonical mul-
tifractal field is obtained [Mandelbrot, 1974]. This is the case of
interest to us because it is more general than the case where
conservation of the average is enforced over each realization,
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which results in a microcanonical multifractal field; an example
of such a field is the binomial “p model” [Meneveau and
Sreenivasan, 1987b]. A thorough discussion of the classification
of multifractals is given by Schertzer et al. [1991] and Gupta and
Waymire [1993]. It is worth mentioning that although the
weights are independent, the field itself is correlated due to the
construction procedure.

2.1. Probability Distribution of the Weights

Going back to the multiplicative cascade and setting ¢, = 1
for convenience, the field at cell j after i cascade steps is given
by

d)(iaj):WlXWZx'..XWi’ (1)

where the spatial dependence of the weights at steps <i are
omitted for simplicity. Taking the logarithm on both sides of
(1) results in

Log ¢(i, j) = Log W, + Log W,
+ Log W5+ -+ + Log W, 2)

If one uses weights I that are independent and drawn from
the same distribution that has a finite variance, the central limit
theorem (CLT) applied to (2) results in Log ¢ (i, j) following
a normal distribution (the weights W have to be properly
normalized). Thus ¢(i, j) follows a lognormal distribution.
This is the model introduced by Kolmogorov [1962], Obukhov
[1962], and Yaglom [1966]. However, with the emergence of
fractals and scaling, Mandelbrot [1974] argued that the lognor-
mal model can only be obtained “under extreme and unlikely
conditions” and proposed weights belonging to a distribution
with an infinite variance. (The tail of the probability density
function (pdf) of such distributions follows a power law and
hence drops at a much slower rate than that of the Gaussian
distribution. Such distributions are also termed fat tailed or
heavy tailed [Waymire, 1985].) Later, Gupta and Waymire
[1991] showed that a multifractal field obtained from the log-
normal model is scaling in at most a second-order sense (i.e.,
moments with order greater than 2 are not scaling).

A generalization of the lognormal model was introduced by
Schertzer and Lovejoy [1987] and independently by Brax and
Peschanski [1991] and Kida [1991]; it includes situations where
the variance of W is infinite. In such a case, the generalized
central limit theorem (GCLT) [Feller, 1971, p. 258] results in
Log ¢(i, j) following a Levy-stable probability distribution.
Note that the weights W do not have to be Levy; they could
belong to any distribution that has a power law type tail. A
family of such distributions is the Pareto [Mandelbrot, 1982].
Schertzer and Lovejoy [1987] termed their model universal mul-
tifractal (UM). However, as a comprehensive understanding of
multifractals emerges, such terminology may turn out to be an
overstatement [Gupta and Waymire, 1990; Veneziano, 1999].
Nevertheless, the UM model appears to be a general model,
and we will use it in this work.

The Levy distribution (Figure 2) depends on four parame-
ters: «, B, w, and o. Thus one can express a Levy noise S as
S(a, B, w, 0). The parameter « is such that 0 < o = 2, where
the situation o = 2 corresponds to the Gaussian distribution
(Figure 2). The statistical moments of order m are not defined
for m = «, with the exception of the Gaussian case where all
statistical moments are defined. Thus the variance is infinite
for @ < 2, and the mean is infinite for « < 1. The parameter
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W is a real number and is a centering term. It is equal to the
mean of the distribution only when « > 1.0 and 8 = 0. The
parameter p is usually set to zero in monofractal applications
[Painter, 1996; Molz et al., 1997] and multifractal applications
[Schertzer and Lovejoy, 1987]. The parameter 8 € [—1; 1] is
known as the skewness parameter: § = —1 gives an extreme
negative antisymmetric distribution, where the probability of
producing negatively large random variables is high, the con-
verse occurs for B = 1, and B = 0 results in a symmetric
distribution with respect to u. Note that the antisymmetric
situation where all values are of one sign (negative for g = —1,
positive for B = 1) occurs only for 0 < a < 1 [Samorodnitsky
and Taqqu, 1994]. The parameter £ is irrelevant whenever a =
2 and is set equal to zero in Levy monofractal applications
[Painter, 1996; Liu and Molz, 1997] and to —1 in multifractal
applications [Schertzer and Lovejoy, 1989]. The situation B =
—1 is required to ensure that low-order statistical moments of
¢ exist [Schertzer and Lovejoy, 1987; Gupta and Waymire, 1993].
The parameter o is known as the scale parameter; it is equal to
half the variance in the case « = 2 and plays a similar role
when a < 2 (i.e., it is a measure of the width of the distribution
(Figure 2)).

2.2. Properties of Multifractal Fields

Considering a multifractal field ¢, at a scale ratio A, one can
write [Schertzer and Lovejoy, 1987; Frisch, 1996]

Pr($,= A7) ~ A, (3)

where Pr stands for “probability” and the tilde means equality
within slowly varying constants (such as logarithm of C(vy)).
Here v is a real variable termed the “order of singularity.”
C(y) is known as the codimension of the field and is a non-
linear increasing and concave (facing upward) function of v.
For a fixed A, (3) states a well-known fact: If one sets a thresh-
old A7, the probability of finding values of the field that exceed
the threshold decreases with an increase in vy (because C(y) is
an increasing function of y). However, and more important,
(3) states that the probability distribution of the field scales
based solely on the scale ratio (i.e., there is no characteristic
scale). Because C(y) varies with v, the exceedance probability
at each threshold value scales differently than another value.
This is known as multiscaling. The monoscaling case occurs
when C(y) is constant, which corresponds to a monofractal
field.

Rather than specify the statistical properties via the multiple
scaling of the probabilities (equation (3)), one can, equiva-
lently, specify the multiple scaling of the moments:

() ~ AMa, “4)

where ¢¢ is the gth moment of the field, the angle brackets
represent ensemble averages, and M(g) € R is an exponent
related to C(y) by the Legendre transform when A — o [Frisch
and Parisi, 1985]:

M(q) = max [gy — C(y)]

Y

C(y) = max [qy — M(q)].

q

(5a)
(5b)

Equations (5) establish a one-to-one correspondence between
the order of singularity and the moment order. A field is
multifractal if M(q) is a concave (upward looking) nonlinear
function of q. M(q) = 0 for an additive monofractal field,
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Figure 2. Probability density functions of Levy distributions;
a = 2 corresponds to the Gaussian case.

such as an fBm [Molz and Boman, 1993], and M(q) is a linear
function of g for a multiplicative monofractal field, such as the
so-called B model [Mandelbrot, 1974; Frisch et al., 1978]. (The
B in “B model” is not related to that of the Levy distribution.)
When the field ¢, is a UM [Schertzer and Lovejoy, 1987],

M@) = o o~ q). (©)

In the UM framework the term o represents also the codimen-
sion of the mean field and « represents the degree of multi-
fractality: @ = 2 represents a lognormal multifractal model,
while @« = 0" represents the (multiplicative) monofractal 8
model.

The field ¢ is stationary, and its power spectrum has the
form [Monin and Yaglom, 1975; Meneveau and Sreenivasan,
1987a]

Ed, I k*[lfM(2)]7 (7)

where the equality sign implies proportionality and k is the
wave number in Fourier space. Equation (7) shows that the
spectrum is a power law type with a spectral slope (the slope of
log E versus log k) less steep than a 1/f noise (because
M(2) > 0). However, many geophysical fields, such as the
hydraulic conductivity field, have spectral slopes that are dif-
ferent from —[1 — M(2)], most commonly smaller than
—[1 — M(2)] (ie., the curve is steeper). Such fields are
typically nonstationary fields and are discussed below.
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2.3. Nonstationary Multifractals

A generic equation for dealing with geophysical fields (e.g.,
the intrinsic permeability) is [Schertzer and Lovejoy, 1987,
Davis et al., 1994a, 1994b, 1996]

AQ)\ = ¢AA7H’ (8)

where the equality symbol implies equality in probability dis-
tribution (a = b is equivalent to Pr(a > p) = Pr(b > p) for
allp). AQ, are the “increments” of Q,, and H is an empirical
coefficient obtained experimentally. Equation (8) shows that
Q, can only be obtained from the field ¢, by a fractional
integration of order H [Lovejoy et al., 1995], and hence AQ,
are not ordinary increments for H # 0. Fractional integration
requires a convolution in the physical space [Tatom, 1995] but
can be easily achieved in Fourier space simply by multiplying
the Fourier transform of the field ¢, by k~*, where k is the
wave number [Lovejoy et al., 1995]. For H = 0, AQ, is an
ordinary increment, and Q,, which in this case is a stationary
multifractal, can be obtained from ¢, by standard integration,
resulting in Q, = r¢, + s, where r and s are constants
selected to present Q, in the appropriate range depending on
the units.

Equation (8) emerged in the area of turbulence, where Q
represented the velocity and ¢ represented the kinetic energy
flux from large scales to smaller scales. The exponent a was
found by dimensional arguments to be a = 1/3 [Kolmogorov,
1949], H was also measured to be 1/3. Equation (8) or equiv-
alent forms of it have been used to study many geophysical
fields such as water in the atmosphere [Schertzer and Lovejoy,
1987; Davis et al., 1996], river flows [Gupta and Waymire, 1990],
land topography [Lavallee, 1991; Lavallee et al., 1993; Lovejoy
etal., 1995], and ice deposition [Schmitt et al., 1995]. In all cases
the parameter a was set equal to 1 and H was estimated based
on the data. By substituting K for Q in (8), the spectrum of K
is [Schertzer and Lovejoy, 1987; Davis et al., 1994a, 1996]

Egx k™, )

where T = 2H + 1 — M(2). By comparing (7) with (9), one
notes that the term 2H appears in the exponent of the latter.
It has been argued [Schertzer and Lovejoy, 1987; Lovejoy et al.,
1995; Davis et al., 1994a, 1994b, 1996] that the field (Q or K)
is stationary for 7 < 1 and nonstationary for 7 > 1. However,
as acknowledged in some of these works [Davis et al., 1994a,
1994b, 1996, a rigorous fundamental proof for stationarity for
T < 1 has not been established. For this reason, we consider
that multifractal fields are nonstationary whenever H > 0 even
if T < 1.

3. Method of Analysis

In this work we proceed as follows: Having an intrinsic
permeability data field, (1) we plot log E « as a function of log
k. If the plot can be well approximated by a straight line
(equation (9)), then the field is scaling. This step is a necessary
condition for the field to be multifractal but is not a sufficient
one (i.e., the field may be monofractal). (2) We take the ab-
solute values of the increments of the field, thus creating a new
field F. (Note that the field F is not necessarily equal to the
field ¢.) (3) If (4) is satisfied (i.e., the function M(q) is non-
linear in ¢), then the fields F and K are multifractal. (4) We
estimate the parameters of the UM model (o, o, and H) based
on K data (discussed below), and (5) we use the UM model to

BOUFADEL ET AL.: SCALING OF THE INTRINSIC PERMEABILITY

generate synthetic multifractal fields. In step 4 we use the
double trace moment (DTM) method [Lavallee, 1991; Lavallee
et al., 1992] to estimate « and o, and then we factor them into
(6) and compute M(2) tofind H = [T — 1 + M(2)]/2 from
(9). The DTM method was designed to estimate « and o, but
it could also be used to assess the nonlinearity of M(q) inde-
pendent of the UM model assumption.

Consider a stationary multifractal field F at fine resolution
A" (Figure 3, where for simplicity L = 1). The local average of
F,, raised to the power m over an observing set B, with A < A’,
is given by the following expression:

F}. dx
Bx
QBY =—7",

dPx

By

(10)

where D is the dimension of the embedding space and d”x
implies a D-dimensional differential volume. For example,
d*x = dx1 X dx2, where x1 and x2 are two orthogonal
directions in the plane. The gth-order DTM is obtained by
computing the average value of the dressed moments raised to
the power g. The scaling of the gth-order DTM is as follows:

DTM, = < E [QA'(BAi)]q> o AMam, (11)

The summation should be done on all disjoint sets (i.e., non-
intersecting sets or intervals). The exponent M (g, m) is equal
to M(mg) — gM(m), which implies that M(gq, 1) = M(q),
because M (1) = 0 due to conservation of the average. Hence,
when n = 1, (11) reduces to (4), and the DTM method in this
special case allows assessment of the multifractality of a field
without recourse to any multifractal model.

When the UM model is used, the following equation results
[Lavallee, 1991; Lavallee et al., 1992, 1993]:

M(q, m) = n*M(q). (12)

Therefore a can be estimated on a simple plot of log [M (g, 1)|
versus log m for fixed ¢ values. The observed intercept (for
n = 1) gives the value of log [M(g, 1)| = log |[M(q)|. Once
M(q) and « are known, o can be obtained from (6). The DTM
method allows accurate estimation of « and o because one can
use many 7 values around the mean of the field. Estimation of
a and o using the (single) trace moments (i.e., for n = 1)
entails a poor nonlinear regression, especially at relatively
large g values [Lavallee, 1991; Schertzer et al., 1991; Lavallee et
al., 1992, 1993].

4. Data Analyses

We utilized K data obtained from two different geographical
locations in the United States. The first data set is from an oil
field in a shoreline sandstone near Coalinga, California. The
second data set is from an eolian sandstone in northern Ari-
zona [Goggin, 1988]. Both data sets were obtained by air per-
meameter on cores extracted from the soil.

The data from Coalinga were obtained from five well-cores.
The vertical spacing of measurements was 0.3048 m (1 foot).
Owing to missing measurements, we were able to utilize only
portions of the data. The selected data set consisted of six
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Figure 3. The double trace moment method. The field F is transformed to a field F”, and moments of order

q are averaged over arbitrary sets B .

subsets, each containing 32 measurements (a total of 196 data
points).

For the data from Goggin [1988] we used two transects and
treated them as having identical statistical properties. We fur-
ther reduced the data to obtain 36 data subsets (18 from each
transect), each containing 64 data points (a total of 2304 data
points). The spacing was 0.0125 m, but some of the subsets
contained up to two separate spacings, each equal to 0.025 m.
We substituted for the missing data by interpolating between
neighboring nodes using the geometric average. Owing to the
small number of missing data (a total of seven data points in
the whole data set), this does not affect the outcome of the
analyses. Implicit in the approach pursued here is that the
statistical properties of the horizontal permeability do not vary
with depth. This assumption will be reevaluated in future
works.

Figures 4 and 5 show permeability measurements from
Coalinga and Goggin [1988], respectively. CO1A and CO1B
represent a continuous record, and so do CO2A and CO2B.
Although splitting records in half reduces the range of scaling,
it provides more stable results due to the averaging over a
higher number of data sets. This approach was adopted by
Meneveau and Sreenivasan [1987a] in analyzing velocity fluctu-
ations in turbulent flows.

Figures 4 and 5 both show the intermittent nature of the
intrinsic permeability, where sudden large increases are noted.
Although one tends to say that, for example, CO1A is more
intermittent than CO2A, one has to note that the low values in
CO2A are much smaller than those of CO1A, resulting in a

larger order of magnitude of fluctuations. Further discussion
on intermittency in geophysical fields can be found elsewhere
[Davis et al., 1994a, 1996].

4.1. The Spectrum

We computed the average spectrum for each data set by
averaging the spectrum over the corresponding subsets. The
results are reported in Figure 6, where log E  is plotted as a
function of log f, where f is the frequency, f = k/(NA), N is
the number of data points, and A is the spatial increment. The
range of f values is from 1/(NA) to 1/2, the upper limit being
the Nyquist frequency [Peitgen and Saupe, 1988]. Figure 6
shows that a clear scaling is present over the whole range (with
the exception of the shortest wave length of Coalinga, which
was not used in the fitting), as evidenced by the high R? values.
Some of the wavelengths (f') are reported at the bottom of
the panels, and they correspond to log f above them on the
abscissa axis. The results of Figure 6 are to our knowledge, the
first time that scaling of K is investigated in the scientific
literature. As discussed in section 1, existing studies investi-
gated the scaling of Log K.

4.2. Multifractality of K

To assess the multifractality of K, we applied the DTM
method on the field F (i.e., the absolute value of the incre-
ments of K) with n = 1 for 41 values of ¢ ranging from 0 to 4.0
at an increment of 0.1. Figures 7 and 8 show plots of log DTM,,
as a function of log A for selected values of g: The slope of the
best fit straight line gives the value of M (q). Both figures show
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Figure 4. Permeability measurements from Coalinga as a function of depth.

that a linear relation (i.e., scaling) does not occur over the
whole range of A at low g values and that the range of linear
relation increases with increasing g values. We attribute this
behavior to the presence of noise in the data and the finiteness
of the number of the data sets. When low-order moments
(g < 1) are computed, the contribution of the small values of
the field to the ensemble average (equation (4)) is increased,
while the contribution of the large values of the field is re-
duced. If the experimental errors are due to noise, then the
contribution of the noise will mainly affect the small values of
the field, since they are of the same order of magnitude. Hence
the effect of noise in data is more important for g < 1. This
problem is less severe if more subsets are considered. We
investigated this behavior by considering nine and 18 subsets of

Goggin [1988] instead of the 36 subsets used in Figure 8, and
we observed that the scaling was less clear going from 36 to
nine subsets (not shown). The fact that scaling is more appar-
ent for a large number of short-range sets in comparison with
a small number of long-range sets has been reported by Men-
eveau and Sreenivasan [1987a] in dealing with velocity fluctu-
ations in turbulent flows.

We computed M(q) values by fitting straight lines to the
portion of the graphs where a linear trend can be assumed. For
the Coalinga data the first two points were discarded for g < 1
(upper panel of Figure 7), and the last point was discarded for
q > 1 (lower panel of Figure 7). For Goggin’s data the first
two points and the last point in the upper panel of Figure 8
(q < 1) were discarded, and the first point in the lower panel
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Figure 5. Permeability measurements from Goggin for transects 1 and 2 as a function of depth.
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of Figure 8 (¢ > 1) was discarded. This procedure was applied
to all the values of ¢ used (i.e., not only to those reported in
Figures 7 and 8).

Figure 9 shows plots of the experimental M(q) as function
of g for Coalinga and Goggin (circles). The theoretical curves
obtained from the UM model are also reported and are dis-
cussed later in this paper. The Coalinga curve exhibits a non-
linear behavior for g less than 1.2 and a linear behavior for g >
1.2, while M(q) for the Goggin data appears to be nonlinear
concave for about ¢ < 3 and linear for ¢ > 3. Because of the
nonlinear behavior, we conclude that the intrinsic permeability
for both Coalinga and Goggin data is multifractal.

The change from nonlinear to linear behavior at a certain g
value is due to undersampling and is typical of multifractal
fields of finite length [Lavallee, 1991; Lavallee et al., 1993]. The
larger the order g of the statistical moments is, the more they
are dominated by extreme events, which, by definition, are
poorly sampled in data analysis situations [Lavallee, 1991; La-
vallee et al., 1993; Davis et al., 1994b]. Evidently, the g value at
which the change in behavior occurs depends also on the
length of the data record under consideration, with longer
records permitting higher g values.

As found below, the Coalinga K field is more intermittent
than that of Goggin, and only 198 data points were used from
Coalinga, in comparison with 2304 data points from Goggin
field. Hence the fact that the change of behavior from nonlin-
ear to linear for Coalinga occurred at a low g value (¢ = 1.2)
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c
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Figure 6. Spectra of Coalinga and Goggin. The high R? val-
ues indicate that the permeability is scaling.
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Figure 7. Scaling of the moments for various values of g for
the Coalinga field. The first two points of the top panel and the
last point of the bottom panel were not used in fitting straight
lines to data.

in comparison with that of Goggin (¢ = 3.0) is understand-
able.

4.3. The Permeability K as a Universal Multifractal

For the Coalinga data set the DTM method was applied on
the field F for ¢ = 0.5 and 1.5 (equations (10) and (11)) and
for 20 m values ranging from 0.1 to 2.0 (at a constant logarith-
mic increment). For the Goggin data set the DTM method was
applied on the field F for ¢ = 1.2 and 1.8 and for 20 n values
ranging from 1.1 to 2.6 (at a constant logarithmic increment).
High g values for the Goggin data were adopted because of the
limited range of scaling at small values of max (¢, gn) (note
Figure 8 for = 1). Figures 10 and 11 show the scaling of the
DTM,, for Coalinga and Goggin, respectively. The slope of the
best fit straight lines gives the values of M(q, m). The first data
point in Figure 11 was not used in fitting the straight lines.

Plots of log |M(q, m)| as function of log 7 are reported in
Figure 12. Undersampling causes log [M(g, m)| to reach a
plateau at high g values. Straight lines are fitted to the linear
part of the curves. For each g value the slope of the curve gives
the value of « and the intercept provides o (section 3.1). The
estimated values of a and o are reported in Table 1, which
shows that the estimates at different ¢ values are close. Also
reported are the arithmetic averages of « and o for the g
values used. Note that o < 2, which implies that the underlying
statistics are non-Gaussian.

The difference in a between Coalinga and Goggin data is
not significant from a practical point of view (based on our
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Figure 8. Scaling of the moments for various values of g for
the data of Goggin [1998]. In fitting straight lines, the first two
points and the last point were not used in the top panel, and
the first point was not used in the bottom panel.

work on synthetic multifractal fields). However, o for Coalinga
is almost double o of Goggin, which indicates that the Coalinga
permeability field is more intermittent. The effects of « and o
are investigated in section 5.

Figure 9 shows plots of the M(g) functions based on the
average « and o values reported in Table 1. The agreement
between M(gq) obtained based on the UM model and the
empirical M(q) is good in the nonlinear range of the empirical
M(q). This shows that the UM model is adequate for repre-
senting the multifractality of K at the selected sites.

An important point to consider is the reliability of the pa-
rameter estimates. Using synthetically generated UM with 25
independent one-dimensional samples with 1024 points each,
Lavallee [1991, p. 80] found that « could be estimated to an
accuracy of approximately *0.1, which is a rough indication of
the enormous sample sizes that are theoretically required. No
systematic study on the uncertainty associated with o and H
has been reported in the literature, but our experience suggests
that o and H are more accurately estimated than « [see also
Tessier et al., 1993, p. 238]. Nevertheless, one has to be cautious
when interpreting the point estimates reported in Table 1,
especially for the Coalinga data.

5. Generation of Discrete UM Fields

With «, o, and H known, assume that it is desired to gen-
erate a one-dimensional UM field of size N using a branching
ratio b = 2. This requires that N = b”, where n is the number
of cascade steps (note that N = A). Following broadly the
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approach reported by Wilson et al. [1991] and Pecknold et al.
[1993], the following procedure is used:

1. [Initially assign a value of 0 over the segment of interest.

2. Split the segment into b parts and add to each part a Levy
noise S (o, B = —1, u =0, o = 1). Repeat this across each cascade
level down to the last level (where b” values are obtained).

3. Multiply the values obtained at the last level of step 2 by
the constant {o Log b/(a — 1)} to eventually obtain o as
the codimension of the mean field.

4. Exponentiate the result obtained from step 3.

5. Normalize the field obtained from step 4 by dividing by
Nlo/(e=1D]

6. Fourier transform the field obtained from step 5, and
power law filter the transform by multiplying by k ~#, where k
is the wave number.

7. Fourier-transform the field back to physical space to
obtain a nonstationary UM field based on the selected values
of «, o, and H.

In dealing with stationary UM, the constant in step 3 above
is different from that reported by Wilson et al. [1991] and
Pecknold et al. [1993], {a/(a — 1)}"*, because we included the
effect of the branching ratio [e.g., see Gupta and Waymire,
1993]. Furthermore, step 2 was presented because it is less
expensive, from a computational point of view, to perform a
number of additions and exponentiate at the end than to per-
form the same number of multiplications.

Using the parameters estimated from the Goggin data as a
basis, we illustrate in Figures 13, 14, and 15 the effects of
variation in the parameters on simulated UM fields. To facil-

0.75 A

0.50
Coalinga

M(q)

0.25 4

1.00 -

0.76

M(a)

0.50

0.25

T T T

0 1 2 3 4

Order of Moment, q

Figure 9. M(q) as a function of g. The dots represent the
empirical M(q), and the solid curves represent the one ob-
tained from the universal multifractal model. The nonlinear
behavior of M(q) implies that the K field is multifractal.
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itate visual comparison, we normalized the fields obtained
from step 4 above by the mean value of the sample instead of
the ensemble mean reported in step 5. Hence all the generated
stationary UM fields have a sample mean of 1.0. Each gener-
ated field contained 2'' = 2048 data points, and the seed of the
random number generator was the same for all simulations.

Figure 13 shows that the intermittency increases with an
increase in o (note the vertical scale). This is because the
(Hausdorff) fractal dimension of the mean value of the field is
given by D,, = D — o, where D is the topological dimension
of the field (D = 1 for a series, such as in this work). From the
definition of a fractal dimension, D,, represents the space-
filling ability of the mean field, namely, the ability to fill a
(horizontal) threshold line at ¢ = 1 (Figure 13). When a field
is highly intermittent, such as that in the bottom panel of
Figure 13, the mean value of the field is dictated by averaging
many very low (near-zero) values and relatively few extreme
values. Hence these individual values are far from the mean
value of the field. When o decreases, the low values increase
and the maximum values decrease, both approaching the mean
value of the field. When o tends to 0%, D,, tends to fill the
whole horizontal line, and hence the low and high values col-
lapse near ¢ = 1 and the field becomes essentially uniform (or
homogenous).

Figure 14 illustrates the effect of o on simulated UM sta-
tionary fields. Here « characterizes the rate at which the
sparseness of the field varies as we go away from the mean
[Tessier et al., 1993, p. 238]. An increase in « from the base-case
value of 1.6 (middle panel of Figure 13) to « = 1.9 did not
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log (DTMq)
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log A
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Figure 10. Scaling of the double trace moment for various
values of g and m for the Coalinga field. Scaling occurs in the
linear range.
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Figure 11. Scaling of the double trace moment for various

values of ¢ and m for the Goggin [1988] data. Scaling occurs in
the linear range.

seem to greatly reduce the maximum value of the field, which
occurred at a different location from that of the base case.
However, at o = 1.3, the maximum value of the field more than
doubled. This is because as a approaches 17, the field becomes
so sparse that it does not have a theoretical mean.

Figure 15 shows nonstationary UM for two values of H.
Note that as H increases from the stationary base case (middle
panel of Figure 13), the field becomes smoother because frac-
tional integration induces spatial correlation. Because power
law filtering in Fourier space does not apply to wave number
k = 0, the mean value of the field is not much affected (the
mean increased by 0.1% in our simulations).

The upper panel of Figure 15 is representative of the Goggin
data (Figure 5). It is important to note, however, that visual
inspection of generated highly intermittent fields can be de-
ceiving due to their dependence on the seed value used in the
random number generator. Furthermore, because the cascade
is canonical, one does not expect the statistical properties (i.e.,
a and o) to be recovered in every realization [Schertzer and
Lovejoy, 1989; Frisch, 1996, p. 148].

6. Conclusions

Existing fractal studies dealing with subsurface heterogene-
ity investigated the scaling and the fractality of the logarithm of
the permeability K. We treated K as a multifractal and inves-
tigated its scaling and fractality using measured horizontal K
data from two locations in the United States. The first data set
was from a shoreline sandstone near Coalinga, California, and
the second was from eolian sandstone in northern Arizona
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Figure 12. Plot of M(q, m) as a function of 7. The slope of
best fit straight lines is equal to .

[Goggin, 1988]. By applying spectral analyses and computing
the scaling of moments of various orders (using the double
trace moment method [Lavallee, 1991; Lavallee et al., 1992,
1993]), we found that K is multiscaling (i.e., scaling and mul-
tifractal). We also found that the so-called universal multifrac-
tal (UM) [Schertzer and Lovejoy, 1987] model (essentially log-
Levy multifractal) was able to reproduce the multiscaling
behavior. The UM model has three parameters: the multifrac-
tality index «, the codimension of the mean field o, and the
“distance” to stationary multifractal H. We found (a = 1.7,
o—0.23,H=0.22) and (e = 1.6, 0 = 0.11, H = 0.075)
for the first and second data sets, respectively. The fact that
a < 2 implies that the process is non-Gaussian.

Because we dealt with K directly instead of its logarithm, the
intermittency of K required longer records than previously
assumed. The limitation of the data size was an issue in dealing
with both data sets; it increased the uncertainty when assessing

Table 1. Estimated Values of the Universal Multifractal
Model Parameters
Field Moment «a o H
Coalinga qg=0.5 1.73 0.23
qg=1.5 1.67 0.21 0.23
Goggin qg=1.2 1.62 0.10
qg=1.8 1.58 0.12 0.075
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Figure 13. Effect of o on simulated universal multifractal
fields; « = 1.6 and H = 0.0. The field becomes more inter-
mittent when o increases. The same random seed generator is
used here and in Figures 14 and 15.
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Figure 14. Effect of o on simulated universal multifractal
fields; o = 0.11 and H = 0.0. Compare with the middle panel
of Figure 13. The maximum value of the field changes location
with a change in .
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Figure 15. Effect of H on simulated universal multifractal
fields; @ = 1.6 and o = 0.11. Compare with the middle panel
of Figure 13. The field becomes smoother as H increases due
to an increased spatial correlation.

the multiscaling of the moments and when estimating the UM
parameters. It is worth mentioning that even when dealing with
the Log K as the variable of interest, studies by Painter [1996]
and Molz et al. [1997] suggested the need for larger records
when the underlying statistical distribution is Levy-stable.

The ultimate goal of assessing subsurface heterogeneity is
for dealing with solute transport. This work investigated the
variability of the intrinsic horizontal permeability in the verti-
cal direction. Future work needs to account for anisotropy and
the variability in more than one dimension because it is well
known that different behaviors of solute plumes occur going
from one to three dimensions [Gelhar and Axness, 1983; At-
tinger et al., 1999].

Notation

C(7y) codimension corresponding to a threshold of order .
D topological dimension of space.
H “distance” from nonstationary to stationary
multifractal.
moment scaling exponent.
order of moment.
generic variable representing a geophysical
multifractal field.
spectral slope.
the Levy index and the index of multifractality.
skewness parameter of the Levy distribution.
order of moment used in the double trace moment
method.
a stationary multifractal field.
order of singularity.
scale ratio (=1).
centering parameter of the Levy distribution.

M(q)

3™ ~N B«

T > &
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o the scale parameter of the Levy distribution and the
codimension of the mean value of a multifractal
field.
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