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Abstract

We present a formulation for water flow and solute transport in two-dimensional variably
saturated media that accounts for the effects of the solute on water density and viscosity. The
governing equations are cast in a dimensionless form that depends on six dimensionless groups of
parameters. These equations are discretized in space using the Galerkin finite element formulation
and integrated in time using the backward Euler scheme with mass lumping. The modified Picard
method is used to linearize the water flow equation. The resulting numerical model, the MARUN
model, is verified by comparison to published numerical results. It is then used to investigate
beach hydraulics at seawater concentration (about 30 g 1~1) in the context of nutrients delivery for
bioremediation of oil spills on beaches. Numerical simulations that we conducted in a rectangular
section of a hypothetical beach revealed that buoyancy in the unsaturated zone is significant in
soils that are fine textured, with low anisotropy ratio, and/or exhibiting low physical dispersion.
In such situations, application of dissolved nutrients to a contaminated beach in a freshwater
solution is superior to their application in a seawater solution. Concentration-engendered viscosity
effects were negligible with respect to concentration-engendered density effects for the cases that
we considered. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In many environmentally important cases of subsurface flow and transport, water
flow occurs in variably saturated media and its density and viscosity depend on solute
concentration. In such flow problems, the governing equations of water flow and solute
transport become highly nonlinear. The first nonlinearity is due to the nonlinear relation
between soil moisture and both pressure head and hydraulic conductivity. The second
nonlinearity arises due to the coupling between the water flow and the solute transport
equations. The primary coupling arises in the equations through the hydraulic conductiv-
ity (due to viscosity variation) and the body force term (due to density variation) of the
fluid flow equation and the advection terms of the solute transport equation. A second
coupling enters the equations through velocity-dependent hydrodynamic dispersion.
These flows are denoted here as density-and-viscosity-dependent flows in variably
saturated media.

Examples of these flows are found in many natural systems. Ronen et al. (1996)
presented data showing upward freshwater movement from a confined freshwater
aquifer to the highly saline unsaturated zone of the Dead Sea coastal area. Another
example is water flow in beaches in the presence of incoming (seaward) fresh ground-
water flow (Wise et a., 1994).

In this paper, a new formulation for density-and-viscosity-dependent flows in two-di-
mensional variably saturated media is presented. It is cast in a dimensionless form and
implemented in a finite element model, the MARUN model (for MARine UNsaturated).
The MARUN model is verified by comparison to published numerical results and used
in an illustrative example to investigate buoyancy effects in a rectangular section of a
hypothetical variably saturated beach. The approach adopted in the illustrative example
consists of quantifying the effects of capillarity, anisotropy, and mechanical dispersion
on the spread of a freshwater plume in a saline two-dimensional variably saturated
porous medium. The numerical results of the example provide guidelines for the
selection of the best application strategy of dissolved nutrients to enhance the biodegra-
dation of oil spills on beaches (Venosa et al., 1996; Wrenn et al., 1997; Boufaddl et 4.,
1998a).

2. Previous modeling studies

We were not able to find in the literature a two-dimensional model that accounts for
the simultaneous effects of density and viscosity on water flow in two-dimensional
variably saturated media. Most numerical models have been developed to simulate
seawater intrusion in aquifers (the salt concentration is about 30 g 171). In such
situations, aguifers were either assumed to be confined (Frind, 1982) or unconfined with
the flow across the water table modeled using the specific yield approach (Huyakorn et
al., 1987; Galeati et al., 1992; Xue et a., 1995). Viscosity effects were shown to be
negligible under saturated flow conditions because at typical groundwater velocities,
concentration-engendered density effects are dominant (Galeati et al., 1992; Schincariol
et al., 1997). Another set of numerical models were intended to model high salt
concentrations (known also as brines). These models have been used to simulate water
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flow above sdt rock formations and salt domes (Voss and Souza, 1987; Herbert et al.,
1988; Oldenburg and Pruess, 1995), which are under active consideration for the storage
of radioactive wastes in severa countries.

Few numerical models that simulate density-dependent and /or viscosity-dependent
flows in variably saturated media are reported in the literature. Usseglio-Polatera et al.
(1990) presented numerical solutions (using the finite difference method) for density-de-
pendent flows in two-dimensional variably saturated beaches. Forkel and Celia (1992)
reported density-and-viscosity-dependent finite element solutions for the movement of
high salinity waters (about 300 g I™1) in one-dimensional variably saturated media.
Boufadel et al. (1997) provided a detailed finite element formulation and a numerical
model for density-dependent flows in one-dimensional variably saturated media.

The numerical models presented by Usseglio-Polatera et al. (1990) and Boufadel et
al. (1997) are limited in application to seawater salt concentrations, and do not account
for the effects of salt concentration on water viscosity. Furthermore, detailed formulation
and solution of the two-dimensional density-dependent flow and salt transport equations
were not provided by Usseglio-Polatera et al. (1990). Although the numerical model of
Forkel and Celia (1992) simulates viscosity dependence and high salt concentrations, it
is one dimensional and thus, does not allow simulation of a wide range of natural
systems. The numerical model of Boufadel et al. (1997) suffers from this limitation too.

3. Model formulation

The dependence of water density on the salt concentration (taken as sodium chloride,
NaCl) can be obtained by fitting a regression curve for the density versus salt
concentration (p. D261 of CRC Handbook of Chemistry and Physics, 1982—1983):

p *

Po *
where (*) represents dimensional quantities, p, * =0.9982 kg |~* is the freshwater
density at 20°C, c=* is the sodium chloride concentration expressed in grams of
salt /liter of solution, € * is estimated at 6.46 X 1074 | g~! with a coefficient of
determination r? = 0.9994. Similarly, the dynamic viscosity w * can be related to the
salt concentration by the empirical relation fitted to the data from p. D261 of CRC
Handbook of Chemistry and Physics (1982—-1983):

Mo *

M*

=(10+¢excx)=p (1)

=(10—-¢xcx) =6 (2)

where w,* =0.001 kg m~* s7! is the freshwater dynamic viscosity and ¢ * = 1.566
X 1072 | g~ with a coefficient of determination r? = 0.9989.

In the absence of source/sink terms, the equation for the conservation of the fluid
mass (water + salt) is (Huyakorn and Pinder, 1983; Boufadel, 1998):

o * N *
s Ao az] ApreTm) g
s IX * dz dz *

(3
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where ¢ [-] is the porosity of the medium (where [-] = dimensionless) and S[-] is the
water saturation ratio of soil moisture with a value of 1 implying fully saturated soil,
Y x =Px /(p,*g=*) [L] is the pressure head and K, * and K, are the horizontal
and vertical hydraulic freshwater hydraulic conductivities [L T~*] given by K, =
K, * po* 0/ * and K, x =k, * p, * 9/, *, respectively, and k, = and k, * are the
horizontal and vertical hydraulic permeabilities.

The soil moisture and the freshwater hydraulic conductivity are correlated by the

model of van Genuchten (1980):
fory = =00, S=10,K,*=K,,,and K,* =K (4a)

where K,, and K, are the saturated horizontal and vertical hydraulic conductivities,
respectively. For ¢ = < 0.0, the effective saturation ratio, S,, is given by:

s-5
1-S

and K, * and K, = are given by:

pAe]

1 m
%= 1+(a*|¢*|)”} (40)

K =K, S/2[1- (1- sg/m)m]2 (4c)

where j=%, zz m=1—-(1/n), § is the residua saturation ratio, and |4 *| is the
absolute value of ¢ . The parameter « * represents a characteristic pore size and
higher « * valuesimply a coarser material. The inverse of « * provides an estimate of
the capillary fringe. The term n represents the uniformity of the pores and higher values
of nimply a more uniform pore-size distribution (van Genuchten, 1980; Boufadel et 4.,
1998b).

In the absence of concentration source/sink term, the conservation of solute equation
is expressed as (Gureghian, 1983; Huyakorn and Pinder, 1983, p. 209):

I(PpSc)
at *

where D= is the physical dispersion tensor (it includes mechanical dispersion and
diffusion) and g+ is the Darcy flux vector. Egs. (3) and (5) are rearranged (see
Appendix A) to give the flow eguation in the form:

= V(4SD'V - c+) ~ V(g o) (%)

3| BsK il 3| BsK W
S RN ( X*ax*) ( z*az*)
Bbgrs TBS xSy TSy = IX * * 9z *
A BBK,*)
+—82* (6)

where S; [L 1] is the coefficient of storage per unit fluid weight. The salt transport
equation is rewritten in the form:

JC *
¢S;—*=BV(¢S|£VC*)—C]_*VC*. (7)
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The presence of B in the first term of the right-hand side of Eg. (7) results in an
increase in physical dispersion. Although the increase is small at low salt concentration
(B =1.03), it can alter greatly the hydrodynamics at high salt concentrations ( 8 = 1.2).

4, Non-dimensionalization

Although model results presented in dimensional form are easy to interpret, they do
not succeed generally in illustrating the interactions of major physical phenomena. A
dimensionless formulation of the governing equations obtained in Section 3 is presented.

Let x=xx/L,, z=z%/L,, §=S=*L,, ¥=¢*/L,, D=D=*/(L,K,), and
a=a=* L, where L, is a characteristic length in the z direction (here taken as the
height of the porous domain). In addition let T,=L,/K,, be a characteristic time; T, is
the time needed for a water particle to cross the vertical distance L, if the particle were
moving at the constant speed K,,. Eq. (6) is rewritten in a dimensionless form:

d B8K6¢ 9 BSK6¢
S ol e ( a_x) ( 9_2) d( BBK)

PO P BSSgr oSy =R~ T O
where R is the anisotropy ratio, K,,/K,.. EQ. (7) is written as:

S=1.0, K=1.0, when >0.0 (9a)
when ¢ < 0.0, § is given by:

S-S 1 "

715 1+(a|¢|)"} (%)
and K is given by:

k=g71-(1-s'm"" (%)
The salt transport (Eq. (7)) is rewritten as:

ac =
¢Sa—t=BV(¢S|2Vc*)—ch*. (10)

Although the concentration is reported in a dimensional form in Eq. (10), it could be
very easily transformed to a dimensionless form by dividing by a reference concentra-
tion. This is not necessary, however, because Egs. (1) and (2) provide density and
viscosity effects in a dimensionless form. The dimensionless dispersion coefficients are
given by:

$D =a(%f+a(%f+¢&m (11a)
> gl T lqll

(%f+a(%f
llall “ lall
0y 0,

oD, , = ¢$zx=(aL _aT)”_q” (11C)

dD,, = a; + ¢SrD; (11b)
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where a, =a,_ * /L,, a; = a; * /L, are the dimensionless longitudinal and transverse
dispersivities, respectively, and D; =Dy * /(L,K,,) is the dimensionless diffusion
coefficient. The terms a, * and a; = are the dimensional dispersivities, D; = [L? T~]
is the dimensiona diffusion coefficient, and 7 [-] is the domain tortuosity.

Six dimensionless parameters emerge from the dimensionless formulation in Egs. (8),
(9a), (9b), (90), (10), (11a), (11b) and (11c); they are R, n, «, a_, a;, and D;. The
parameter « can be seen as the ratio of the gravity forces (represented by L,) to
capillarity forces (represented by the inverse of « *). It can be interpreted aso as the
ratio of the domain height to the height of the capillary fringe. The parameter D; is the
ratio of diffusion to a domain-based value of advection. The inverse of D; can be
interpreted as a domain-based Peclet number.

4.1. Advantages of the dimensionless formulation

A magjor advantage of the dimensionless formulation is that it provides guidelines for
designing laboratory experiments dealing with solute transport in variably saturated
media. The use of a porous medium in the laboratory setup presents an advantage over a
Hele-Shaw cell (e.g., Wooding et al., 1997ab) which cannot account for capillarity
effects. The dimensionless formulation shows that the conservation of the values of the
six dimensionless parameters is a necessary and sufficient condition to obtain the same
hydraulics and hydrodynamics in two different systems.

An illustration of the applicability of the dimensionless formulation in designing
laboratory experiments is given as follows: Suppose it is desired to use a laboratory
setup to simulate water flow in a natural system 150 m X 600 m (150 m is vertical). The
dimensionless formulation shows that the geometry of the natural domain and the ratio
of anisotropy need to be conserved. Boufadel (1998) showed that these restrictions can
be removed if either the flow is uniform, physical dispersion is negligible with respect to
advection, or if the dispersion coefficients can be approximated by constant quantities.
Frind (1982) provided a thorough discussion on approximating velocity-dependent
dispersion coefficients by constant dispersion coefficients.

Considering the general case for dispersion, suppose that a 6.0 m X 24.0 m laboratory
setup was selected (hence a 25-fold scale down). Suppose furthermore that the capillary
fringe in the natural system is 1.0 m, which gives a value of « * =1.0 m™ in the
natural system. The dimensionless formulation shows that correct scaling of the water
flow requires a« = L, « * to be the same in the natural system and the laboratory setup,
which resultsin « * = 25 m™! in the laboratory setup. Hence, the value of the capillary
fringe in the laboratory setup is 0.04 m, which can be easily achieved using a sand that
is coarser than the one in the natural system. The saturated hydraulic conductivity of the
laboratory sand is then measured and used in T, to transform the real (dimensional) time
to a dimensionless time. Further discussion on the dimensionless formulation is provided
elsewhere (Boufadel, 1998; Boufadel et al., 1998b).

A second advantage of the dimensionless formulation is that it provides a basis for
comparison between various dimensional numerical solutions. This advantage was
illustrated in Boufadel (1998) in dealing with the problem of Elder (1967), which is a
high salinity scenario.
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5. Model implementation

Egs. (1), (2), (8), (9a), (9b), (9¢c) and (10) present a highly nonlinear system. In the
case where the effect of salt on water density and viscosity is neglected (B=1, §=1)
and ¢ < 0, nonlinearity results from Egs. (9b) and (9¢). For ¢ > 0.0, nonlinearity resides
in the variation of c¢* which affects the values of 8 and & in both Egs. (8) and (10).
Hence, when these equations are solved numerically, the following approach is used: At
the beginning of time step n, the concentrations are assumed known, the 8 and & terms
become inputs to the flow equation, and the modified Picard method (Celia et al., 1990)
is used to obtain a solution for pressure heads. The Darcy fluxes are then computed and
introduced into the transport equation (10), which is linearized by taking B8 as given
from the previous time step or globa coupling iteration. The concentrations of salt are
then obtained and the B’'s and the §’'s are then computed from Egs. (1) and (2),
respectively. For coupled solutions, the new values of 8 and & are input to the flow
equation at the beginning of the same time step n, and the procedure is repeated until
pressure heads and concentration obtained at the end of the time step n cease to vary
(within certain precision). For partially coupled solutions, the 8 and the 8 values from
time step n— 1 become the input to the flow and transport equations at time n. The
updated values of soil moisture ratio S and the Darcy’s fluxes from the flow equation
are introduced along with the same values of 8 and 6 to the transport equation which is
then solved once. The updated values of B and & are then entered to the flow equation
at the beginning of the following time step n+ 1, which is a mere updating. For
uncoupled solution, 8 and & are set at the value of 1.0. Thus in general, there can be
two iterative loops: one loop for the flow equation (8) and one global loop to couple the
flow and the transport equations through (1) and (2). The Darcy fluxes are computed
using the finite element method (Y eh, 1981) because it ensures continuity of the Darcy
flux across element boundaries.

The equations are discretized in space by the standard Galerkin method using
triangular elements (Huyakorn and Pinder, 1983) and integrated in time using backward
Euler with mass lumping (Celia et al., 1990). The empirical adaptive underrelaxation
scheme developed by Cooley (1983) is adopted to alleviate nonlinearities in the flow
equation. The linear systems are solved by the standard banded LU decomposition
(Ngjem, 1982; Istok, 1989). More details on the MARUN model implementation are
provided in Boufadel (1998).

6. Model verification

We were not able to find in the literature a well documented example for density-
dependent flow in two-dimensiona variably saturated media; Usseglio-Polatera et al.
(1990) did not provide the parameters values used in their example. For this reason, the
ability of the MARUN model to simulate the combined physical phenomena of density
dependence and capillarity is verified by testing the MARUN model ability to simulate
these phenomena separately.

The first example, Example 1, illustrates the ability of the MARUN modd to
simulate density-dependent flows under saturated flow conditions in two-dimensional
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media. Example 2 illustrates the ability of the MARUN model to simulate solute
transport in unsaturated two-dimensional media without density or viscosity dependence.
The ability of the MARUN model to simulate density-and-viscosity-dependent flows in
variably saturated one-dimensiona media was verified in an unpublished work by
comparison to Example 3 of Forkel and Celia (1992). The water flow component of the
MARUN model was verified in the work by Boufadel et al. (1998b). The ability of the
MARUN model to simulate highly saline (300 g |171) density-dependent flows in
two-dimensional saturated media was tested in the work by Boufadel (1998).
The dimensionless formulation is not used in Examples 1 and 2 for brevity.

6.1. Example 1. Seawater intrusion in a confined aquifer

This example concerns groundwater flow and salt transport in a coastal confined
aquifer. The problem considered is known as the seawater intrusion problem of Henry
(1964) and is described schematically in Fig. 1. As depicted in Fig. 1, freshwater enters
the aquifer on the right face, and the coastal side corresponds to the left face. Boundary
conditions used in our numerical simulation are also shown. The aquifer region was
represented by a grid N, X N,=21x11 forming 231 nodes and 400 right angle
triangles. The orientation of the diagonals was the same throughout the mesh. The time
step At was allowed to increase gradualy by afactor of 1.2 from 0.2 to 10 min. Fig. 2a
and b compare the MARUN model numerical results with 0.5 isochlor computed by
Frind (1982) at steady state under the assumption of a constant dispersion coefficient
T¢D; * = 6.6 X 107 m? s! and velocity-dependent dispersion (a, * = a; * = 0.035
m), respectively.

The results obtained from partial coupling were indistinguishable from the ones
obtained with full coupling. Thus, only the partial coupling solution is compared to the
results of Frind (1982) in Fig. 2a and b, where the agreement is very good. The 0.1 and
0.9 isochlors are also shown for illustrative purposes. No apparent change in the solution

-

9, =0 3c/8z* =0

e
¥ =(1+e ¢ (H-2*) E
5c*/8x* =0 Sy H,=1.0m -
K,=K,=102m/s
. . $=0.35 - 8

y=(+ec)(Hy-2%) e Q,=66.10 " mis
c=1 © <— ¢c=0

=

-

9, =0 3c/8z* =0

|
! 20m o

Fig. 1. Definition of Henry's problem and boundary conditions as simulated by Frind (1982).
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Fig. 2. Position of the isochlors at equilibrium (A) using constant dispersion coefficient and (B) using velocity
dependent dispersion coefficients. The isochlors are reported as ratio of the maximum concentration of 38.7

g/l.

was observed when 8 was set equal to 1.0 in the transport equation (10). The solution
was practically unchanged when the effects of salt concentration on water viscosity were
accounted for, which supports the assumption that concentration-engendered viscosity
effects are negligible in seawater intrusion problems.

The reader is referred to Croucher and O’ Sullivan (1995) for a thorough numerical
investigation on numerical solutions of Henry’s problem.

6.2. Example 2: Transport of a nonconservative solute in unsaturated media with no
density dependence

This example is taken from Huyakorn et al. (1985) and concerns transport of a
nonconservative solute in a rectangular cross section of an unsaturated soil with no
density or viscosity dependence. Fig. 3 shows the domain geometry and the initial and
boundary conditions. The temporal term in Eq. (7) is changed to:

ac *
d)SRd( e +/\*c*)

(12)

where A x represents the decay constant and R, the retardation coefficient. Although
A= is physically meaningless for sat transport (as salts do not decay), the retardation
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Q=0 g
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_ q*, =0 8c/8z* =0
L |
[ 1

15cm

Fig. 3. Two-dimensional transport in an unsaturated slab (Huyakorn et al., 1985).

coefficient plays an important role in the transport of salts in colloidal-sized media (p.
127 of Freeze and Cherry, 1979). Nevertheless, the comparison is done here for
numerical purposes. The terms B8 and & were set to 1.0 in both the flow and transport
equation, and the following empirical equations given by Huyakorn et a. (1985) were
used to relate the saturation ratio and the hydraulic conductivity to pressure head:

s=1—(1—a)z: (13a)
and
S_
Ky* =K, * =K 3 (13b)

o] 1 _ S,
with the values of S, ¢, and K, given in Table 1 along with the other needed
parameters. The domain was represented by a grid of 176 nodes and 300 triangular
elements. The nodal spacing was Ax=Az=1 cm. Time increment values were

Table 1

Values of physical parameters used in Example 2

Parameter Assigned value and unit
K, lemd™?

¢ 0.45[-]

v x(x,2,0) —90cm

S 0.333[-]

Y, —100 cm
c(x,2,0) 0[]

a * lcm

ar * Ocm

7Dy * 001cm?d?
A 0.001d°1

R 2[-]
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| L |
0.0 0.2 0.4 0.6 0.8 1.0
Concentration [-]

Fig. 4. (A) Computed horizonta distribution of solute concentration a z =10 cm. (B) Computed vertical
distribution of solute concentration at X = 3 cm. The present model results are the solid lines.

generated within the MARUN code using the algorithm: At, = 0.01 day, At, = 1.2,
At,_, <0.05 day. The transport simulation was performed for 15 time steps. The
solutions obtained using the MARUN model are compared in Fig. 4 with the corre-
sponding solutions obtained from the model of Huyakorn et al. (1985) and FEMWASTE
(Yeh and Ward, 1981), as reported by Huyakorn et a. (1985). Evidently, the overall
agreement of the MARUN model with the two numerical solutions is very good. The
concentration distributions depicted in Fig. 4 are all smooth unlike FEMWASTE results.
Although the profile predicted by the present model at time t = 0.053 day (Fig. 4b) is
ahead of both models, the agreement at later times is very good. The relatively small
smearing from the present model in the lower part of Fig. 4a resulted probably from the
use of the fully implicit Euler scheme in the transport equation (7), whereas the two
other codes used the Crank—Nicholson scheme, which is known to produce little
numerical smearing (Pinder and Gray, 1977; Anderson et al., 1984).

7. Application

This application is designed to investigate the buoyancy of a freshwater plume in a
beach containing seawater salt concentration of 30 g |~!. The usefulness of this
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example, Example 3, can be found in the practice of bioremediation of oil spills on
beaches. Venosa et al. (1996) found that addition of dissolved nutrients to an oil-con-
taminated beach enhances oil biodegradation. They reported that a nutrient-nitrogen
concentration of 2 mg | ~* achieves maximal oil biodegradation. The effectiveness of the
bioremediation depends on contact between the added nutrients and the oil-polluted
zone, which is less than about 25 cm below the beach surface (Gundlach, 1987). Ideally,
nutrient concentrations in contact with the oil should be sufficient to support maximal
growth rate of the oil-degrading bacteria, and this concentration must be maintained for
the longest possible time. Therefore, maximizing the residence time of the nutrients in
the contaminated zone of the beach is an important bioremediation goal.

Various application strategy of dissolved nutrients have been proposed. Wrenn et al.
(1997) ran a tracer study on a Delaware beach subjected to tides and waves. They
applied a solution of lithium nitrate on the beach surface at low tide to simulate nutrients
application and they monitored lithium as a conservative tracer (i.e., it does not degrade
or adsorb to the beach material). They observed a washout of the tracer from the beach
within one tidal cycle. Wise et al. (1994) modeled the hydraulics and hydrodynamics of
an alaskan beach subjected to freshwater inflow and tide. Based on their numerical
results, they proposed to apply the nutrients in a trench landward of the beach and rely
on the freshwater to carry it to the contamination zone at beach surface. The numerical
model that they used was limited to the saturated zone of the beach, which results in a
nutrients application strategy that underestimates the biodegradation of oil in the beach.
This is because the contaminated zone, being near the beach surface, is under unsatu-
rated flow conditions for long periods. If sufficient moisture exists in the contaminated
zone to support a medium for microbial growth, biodegradation under unsaturated flow
conditions is expected to occur at a higher rate than under saturated flow conditions.
This is because the molar concentration of oxygen in air is about 10 times the maximum
molar concentration of oxygen in water (which is dictated by the solubility limit of
oxygen in water ~ 8 mg | ~1). Therefore, a successful nutrients application strategy is
one that provides nutrients to the unsaturated zone of the beach and maximizes their
contact time with oail.

We investigate here the strategy of applying dissolved nutrients in a freshwater
solution in a trench of a beach containing a uniform salt concentration. The trench is
assumed to be located landward of the contaminated zone. This method of nutrients
application is economically feasible if, for example, a freshwater pond is in proximity of
the beach, such as in the case of the Kittiwake beach in Alaska (Wise et al., 1994). To
quantify buoyancy effects, a comparison is made between the density-dependent results
and the results obtained by assuming that the salt concentration does not engender
density gradients (the salt acts thus as a tracer). For a beach containing a uniform
seawater concentration, the ‘tracer’ case is the equivalent of adding the nutrients in a
seawater solution (at the same salt concentration of the beach) to the trench. This is
because the concentration of applied nutrients is usually too small to affect water
density.

The effects of the beach hydraulic and hydrodynamic properties on the spreading of
the water plume is studied. Specifically, the effects of «, R, and physical dispersion as
the important influencing parameters are considered. Anisotropy in beaches can result
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from alternating microscopic layers of fine and coarse sands (Waddell, 1976). Geologi-
cal surveys on beaches revealed that there is no preferential direction for the layers; they
could be horizontal, at a landward dip, or at seaward dip (Hayes, 1972). Therefore, it is
assumed for the sake of simplicity that the principal directions of anisotropy coincide
with the x and z axes (i.e., no dip). The domain under study is a rectangular section of
hypothetical beach. The initia and boundary conditions are given in Fig. 5. Throughout
this example we set D; = 0.0, ¢ =0.33, n=2.0, S =0.06, and At = 0.01. Anillustra-
tion of the salinity distribution at t = 10 is shown in Fig. 6 for « = 2.0 and R= 1.0, and
a, = a; = 0.005. The freshwater plume of the density-dependent case (Fig. 6b) spreads
more in the unsaturated zone than that of the tracer case (Fig. 6a). The effects of a
change in the capillary forces and /or anisotropy on the spread of the freshwater plume
are investigated in Section 7.1.

7.1. Effect of capillarity and anisotropy

The MARUN model was run for various values of @ and R while fixing the values
of the remaining parameters. The effect of buoyancy is quantified using two criteria. The
first criterion, criterion Zm, is an area-based criterion. It represents the freshwater
distribution in the saturated and the unsaturated zones of the domain. It is given as
follows:

Zm(a,R) = (14)

where M;(i = u, s) represents the diluted water mass (i.e,, for c strictly smaller than 30 g
| 1); the index u represents the unsaturated zone and the index s represents the saturated

X
1.00 T T T
y=105-2

0.75 1= c=00glL .
y=(1+ec)(1.0-2) y=(1+ec)(1.0-2)
c=30glL 0.50] V - screx=0

025 . Io.w

0.00 | | Il

0.0 0.5 1.0 15 2.0

Fig. 5. Domain and boundary conditions for Example 3. The Dirichlet boundary conditions ¢y = 1.05— z and
c=0.0 g/I are imposed at the elevations 0.48, 0.50, and 0.52.
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(B)

0 0.5 1 15 2

Fig. 6. Sdinity contours (g/1) at t =100 for Example 3. (A) The tracer case and (B) the density-dependent
case. W.T. represents the water table. The initial salt concentration is 30 g/I.

zone. The term DD represents the density-dependent case and the term T represents the
tracer case. The second criterion, criterion F, relates to the outflow from the domain:

F(a,R) = 1% Jop (15)
3
Q)¢
The terms Q, and Q, are the diluted masses outflowing from the domain above and
below the water table, respectively. The criterion F was selected because for large R
value, large amounts of diluted water left the domain by the end of the simulation.

The results are reported in Fig. 7a and b where both criteria show a decrease in the
effects of buoyancy with an increasing « and/or an increasing R. The capillary fringe
is small for large « values, hence, little water flow takes place in the unsaturated zone.
Increasing R values causes the water flow to occur predominantly in the horizontal
direction. In such a case, buoyancy effects are small because the vertical flow that
results from buoyancy is small in comparison to the horizontal flow. The reader is

referred to the work of Boufadel et al. (1999) for a thorough investigation of the
contribution of capillary flow to total flow under steady-state conditions.
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Fig. 7. Variation with @ and R of the criteriaZm and F at low dispersion (A) and (B), and at high dispersion
(©) and (D). Higher values of Zm or F imply increased buoyancy.

7.2. Effect of physical dispersion

Physical dispersion was shown by many researchers to cause a reduction in density
gradients in isotropic saturated media (List, 1965; Schincariol et al., 1994; Fan and
Kahawita, 1994; Schincariol et al., 1997). The effects of physical dispersion in variably
saturated media are investigated here by doubling the dispersivity valuesto a, = a; =
0.01. These higher dispersivity values can be viewed to represent a sand with a wider
grain size distribution than that used in Section 7.1 (Bear, 1972, p. 598; Ujfaludi, 1986).

The results are reported in Fig. 7c,d using the criteria Zm and F, where less
spreading of the freshwater in the unsaturated is deduced. Hence, similar to saturated
media, the increase of physical dispersion in variably saturated media results in a
decrease in the density gradients (or buoyancy).

The implications of the findings of this Section on bioremediation is that applying
dissolved nutrients in a freshwater solution is advantageous only for beaches that are
fine-textured, that have low isotropy ratios, and/or for beaches with a relatively narrow
grain-size distribution.

The results given in Fig. 7 would probably overestimate the effect of buoyancy in a
beach subjected to tidal action because it was observed by Forkel and Celia (1992) and
by Boufadel et al. (1997) that density dependence in unsaturated media reaches its
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maximum at a quasi steady state. A variable hydraulic boundary condition was not
selected in this example because it would mask the physical phenomena that we seek to
illustrate.

For the maximum salt concentrations considered in this example (30 g | 1), results
from partial coupling were indistinguishable from those of full coupling (until conver-
gence within 1% of the dependent variables). Therefore, only the results of partia
coupling were reported.

The simulation results of this Section were essentially unchanged when concentra-
tion-engendered viscosity effects were accounted for, which agrees with the finding of
Section 6.1. The reader is referred to Welty and Gelhar (1992) for a thorough discussion
of the effects of viscosity and density in various one-dimensional displacement scenar-
ios.

The modeling approach used in this paper is general and can be used to study the
movement of water-soluble hydrocarbons, such as methanol, in the subsurface. The
example provided in this Section can be viewed as representing the breakage of a
methanol pipe at the water table of an aquifer. The dimensionless nature of our approach
allows for direct use of the numerical results provided proper scaling is conducted.

8. Summary and conclusions

A formulation for density-and-viscosity-dependent flow in two-dimensional variably
saturated media was presented. The governing equations were cast in a dimensionless
form that depends on six dimensionless parameters. The dimensionless form provides
guidelines for scaling down natural system to the laboratory scale and a basis for
comparing numerical results. The governing equations were discretized in the space
using the Galerkin finite element formulation and integrated in time using backward
Euler with mass lumping. The modified Picard method (Celia et al., 1990) was used to
account for the nonlinearities when solving the equations in the unsaturated zone. The
resulting numerica model, the MARUN model, was verified by comparison to pub-
lished numerical results.

The MARUN model was used to investigate beach hydraulics at seawater concentra-
tion (30 g 171) in the context of nutrients delivery for bioremediation of oil spills on
beaches. Numerical simulations in a rectangular section of a hypothetical beach revealed
that buoyancy in the unsaturated zone is significant in soils that are fine textured, with
low anisotropy ratio, and/or exhibiting small physical dispersion. In such situations,
application of dissolved nutrients to a contaminated beach in a freshwater solution is
superior to their application in a seawater solution.

The simulation results of this paper were essentially unchanged when concentration-
engendered viscosity effects were accounted for. This observation agrees with the
arguments of Galeati et al. (1992) and Schincariol et al. (1997) that in typica
two-dimensional natural systems at concentrations close to seawater values (30 to 50 g
I 1), concentration-engendered viscosity effects are negligible with respect to concentra-
tion-engendered density effects.
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Appendix A

Eq. (6) is obtained by expanding the temporal derivative term in Eq. (3):
W BS) S . ap* B
c')t
The transport equation formulation given by (7) is more involved. The ‘original’ flow
equation (i.e., prior to applying Darcy’s law) is:

(p*dS) _ dpxar) dp*d;)

(A1)

A2
at” ax” 0z* (A2)
By dividing Eq. (A2) by p,; and rearranging, it results in:
I BPS I bS dq;  4q;
at at at aX z
33 B
qx - qz = :| + Q (AS)
While the transport equation (5) is rewritten as.
(P L 9(#S (g, c” d(q,c’
(09) _ 299) (o (igpevery - NS Hae)
at’ at” — aX 0z°
(A4)
The right-hand side of Eq. (A4 is further developed to write:
3(¢S) g, 99,
S = + -
at” d) at” V(¢SD #ver) e CaxT oz
ac” ac”
O o T | (AS5)

After multiplying Eq. (A3) by c*, dividing it by 8, subtracting it from Eq. (A5), and
taking into account the fact that §8/8s=¢€"8c” /ds (s=x"*, z*, t*), Eq. (7) is
obtained.

Models that use the volumetric formulation for the salt, assume that the spatial
variation of the density is much smaller than the variation of the Darcy fluxes (Frind,
1982; Galedti et al., 1992; Fan and Kahawita, 1994; Xue et al., 1995), which is probably
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due to the fact that these models are intended for seawater concentration only. This
assumption is the equivalent of neglecting the second brackets in Egs. (A3) and (A5),
which results in a mass balance error. Although the mass balance error is small at low
salt concentration, it can be very large at large salt concentration because high salinity
gradients are usually associated with large salt concentrations (Hassanizadeh and
Leijnse, 1988).
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Appendix B. Notation

Ko Ko Ly, and L, are dimensional quantities. The remaining terms are dimen-

sionless except when they are starred.
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Q
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Longitudinal dispersivity

Transverse dispersivity

Salt concentration

Dispersion tensor

Diffusion coefficient

Horizontal permeability

Vertical permeability

Horizontal hydraulic conductivity
Vertical hydraulic conductivity
Saturated horizontal hydraulic conductivity
Saturated vertical hydraulic conductivity
Horizontal length of domain

Vertical length of domain

Parameters of the model of van Genuchten (1980)
The Darcy flux vector

Horizontal Darcy flux

Vertical Darcy flux

Ratio of anisotropy K,,/K,,

Saturation ratio

Elastic storage per unit fluid weight
Effective saturation ratio

Residual soil saturation

Horizontal coordinate

Vertical coordinate

A parameter of the model of van Genuchten (1980)
Ratio of saltwater density to freshwater density

Fitting parameter for the viscosity—concentration curve
Fitting parameter for the density—concentration curve

Porosity
Pressure head
Tortuosity
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