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Abstract

Submarine springs discharge offshore groundwater from confined aquifers extending under the sea. The effects of these springs on the
propagation of tidal oscillations in coastal confined aquifers are not known. This paper presents an approximate analytical solution of
tidal head fluctuations in a confined aquifer with one submarine spring. The aquifer is assumed to extend in all directions infinitely. The
spring is represented by a permeable round column on the seabed, which penetrates completely the impermeable layer overlying the con-
fined aquifer. The error of the approximate solution is negligible if the distance from the spring to the coastline is much greater than the
radius of the permeable column representing the spring. Through a hypothetical example, we demonstrate that it is possible to identify
the spring’s location using tidal signals observed from inland wells. Tidal groundwater head fluctuations from three inland observation
wells at least are needed to determine the 5 model parameters, including the location (2 parameters), the radius of the permeable column

representing the spring, the diffusivity of the aquifer, and the tidal loading efficiency of the system.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Submarine springs represent an important freshwater
resource offshore. They can carry fresh groundwater
through confined aquifers up to 60 km out to sea [13]. Fish-
ermen have known about these submarine springs for dec-
ades but kept their locations a secret because of the amount
of fish the springs attract. However, submarine springs
(called “wonky holes”) in the Great Barrier Reef of Aus-
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tralia have been found to affect once-pristine inshore reefs
because of the acidic water discharge from lands cleared for
crops [3]. Although similar submarine springs have also
been found on the Atlantic continental shelf and other
coastal areas, it is a difficult task to locate these springs
in general [13].

In this paper, we hypothesize that tidal signals in coastal
confined aquifers are mediated by submarine springs and
hence provide a means of locating them. Tide-induced head
fluctuations in coastal confined aquifers extending under
the sea have been modelled and analysed by a series of pre-
vious studies. Van der Kamp [15] considered a single
coastal confined aquifer which extends under the sea infi-
nitely. Li and Chen [6] studied the situation where the over-
lying layer of the aquifer extends under the sea for a finite
distance. Both studies assumed that there is no leakage
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through the overlying confining layer. Li and Jiao [8]
extended their work by taking into account the leakage
of the confining unit. Liu [11] and Maas and De Lange
[12] examined the tidal signals observed in inland confined
aquifers under tidal rivers.

So far, to the authors’ knowledge, there is no report of
studies in the literature on modelling the effect of a sub-
marine spring on the propagation of tidal waves in a
coastal confined aquifer extending under the sea. Here,
we present a mathematical model for assessing such an
effect. The aquifer is assumed to extend both seaward
and landward infinitely, and to be overlain by an imper-
meable layer. The submarine spring is represented by a
highly permeable round column on the seabed, which
penetrates completely the impermeable layer. An approx-
imate analytical solution to the model is derived with
maximum errors quantified and shown to be negligible
under realistic conditions. Using a hypothetical example,
we demonstrate how the analytical solution can be
applied together with data of observed tidal groundwater
fluctuations in inland wells to estimate the location of the
spring and other relevant model parameters such as the
radius of the permeable column representing the spring,
the diffusivity of the aquifer, and the tidal loading
efficiency.

2. Mathematical model and analytical solution
2.1. Model setup

We consider a submarine confined aquifer with a
spring represented by a highly permeable round column
penetrating completely the overlying impermeable layer
of the aquifer (Fig. 1). The round column is assumed so
permeable that the seawater is directly connected to the
confined aquifer in the column. Both the aquifer and its
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infinitely, and are horizontal, homogeneous and with con-
stant thickness. The bottom of the confined aquifer is
impermeable. The coastline is assumed to be straight.
An x—y Cartesian coordinates system is used with the y-
axis chosen in the alongshore direction and the x-axis
being positive seaward and extending through the centre
of the spring hole (see Fig. 1). Based on the above
assumptions and definitions, the following governing
equations can be used to describe the head fluctuations
within the confined aquifer [15]:

In the offshore aquifer (x > 0)

Oh Oh  Oh dhg

—=D|\5+77 ) tLe— 0,

o <ax2 * ayZ) g X7 (1)
(x—x0)>+)* >R, —o0 <1< +oo0.
In the inland aquifer (x <0)
oh o’h h
ZTo_pl=—=4+==Z — . 2
P (ax2+ay2), x <0, —oo<t< 400 (2)

h(x,y,t) and D are the hydraulic head [L] and diffusivity
[L°T '] of the confined aquifer, respectively (the diffusivity
is defined as the ratio of the storativity (dimensionless) to
the transmissivity [L>T '] of the confined aquifer); ¢ is time
[T] (here only the periodic solution is considered, i.e., no
initial time); x, is the distance [L] between the centre of
the spring hole and the coastline; R is the equivalent radius
[L] of the spring (radius of the round, highly permeable col-
umn representing the spring); L, is the loading efficiency
(dimensionless) of the sea tide [16]; and /() is the hydrau-
lic head of the sea tide [L]. Given the linearity of the model,
we consider only one tidal constituent as given by

hs(¢) = Acos(wt), (3a)

where A is the amplitude [L] of the tidal fluctuation and
is the frequency [Rad T '] defined as

overlying impermeable layer extend in all directions o = 2n/t, (3b)
Observation
YA
~ Seawater
Inland  Fasansssass
P 2o Impermeable bottom ¥ A
Coastline - el S —
' X
x()
a: top view b: cross section along x axis

Fig. 1. An idealized confined aquifer extending under the sea with a permeable column representing a submarine spring.
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in which 7, is the tidal period [T]. Here the datum is set to
be the mean sea level.

Since our focus is on the tidal signals as enhanced by the
spring, the other forcing on the aquifer, such as the
recharge, is ignored; so no-flow boundary conditions are
applied at places sufficiently far from the spring, i.e.,

. Oh . Oh
xgrinx P lim —=0. 4)
At the coastline (x = 0), the continuity of the hydraulic

head and flux yields, respectively,

lim A = lim A, and (5)
x—07 x—0"

. Oh . Oh
Jim 5y = Jim 55 (6)

It is assumed that the round column equivalently repre-
senting the spring is highly permeable and short in its ver-
tical extent, and so the head loss inside the column can be
neglected. That is to say, approximately the seawater is
directly connected to the aquifer at the bottom of the col-
umn; therefore, along the perimeter of the column’s bot-
tom, the following Dirichlet boundary condition applies

hl(eyyer = hs(t) = A cos(wz), (7)
where I' = {(x,¥)|(x — x0)* + »* = R?} is the boundary of
the column equivalently representing the spring. Here it
is further assumed that the density difference between the

groundwater and the seawater can be neglected due to its
minor effect on tidal groundwater head fluctuations [6].

2.2. Approximate analytical solution
An approximate analytical solution to the boundary-
value problem (1)—(7) is derived (see Appendix A for details

of the derivation). The approximate solution reads

happrox(ax, ay, t;axo, aR, L.) = hy(ax, t;L,)
+ hy(ax,ay, t; axy,aR, L,)

(8a)
with
ALee™ cos(wt + ax), <0,
hi(ax,t;L.) = ’ ( 1af) *
AL, [cos(wt) — Fe~ cos(wt — ax)] x>0,
(8b)
and
hy(ax, ay, t; axg, aR, L,)
5 iot
—arel [1 -1, 4 Legrany | Kolar(L 0] = p
2 Ko[aR(1 +1)]
(8¢)
where
1)

is the confined aquifer’s tidal propagation parameter or
wave number [L']; Re denotes the real part of the fol-
lowed complex expression; i = v/—1; K, is the modified
Bessel function of the second kind and zeroth order [2];

r=1/(x—x0)>+? is the radius from point (x,y) to the

centre of the spring hole (x,0).
3. Discussion and application of the solution
3.1. Error analysis of the approximate solution

The maximum error between the approximate solution
(8a) and exact solution to Egs. (1)—~(7) occurs on the bound-
ary I'={(x,y)|(x — x0)® + »* = R?} of the column repre-
senting the spring and equals (see Appendix A for its
derivation)

AL.e™ ™0
% V/e2k 1 — 2eR cos(aR). 9)

Enax(axo,aR) =

The value ranges of a, R and x, may be assumed to be
107°-102m~" [9], 1-10*m and 10*-10* m, respectively.
So the value ranges of aR and ax, are 107> < aR < 1 and
1073 < axo < 100. It is reasonable to assume xo>> R.
Fig. 2 shows how the relative maximum error E . (axo,
aR)/(AL,) changes with aR for xo=5R, 10R and 20R,
respectively. One can see that the relative error is less than
6% for all the cases considered and less than 1.5% when
Xxo = 20R. In addition, these maximum errors occur on
the boundary of the column representing the spring, and

(x = x0)* +2
increases. Therefore, the solution (8) has adequate
accuracy in approximating the exact solution to (1)—(7) if
Xo> R and r > R.

the error of the solution decreases as r =

3.2. Basic properties of the approximate solution

If there is no spring, i.e., R — 0" in Eq. (8a), one can
show

Rllr(r)1+ happrox (ax, ay, t; axo, aR, L,) = hy(ax, t; L), (10)
6% 1 T TT
] //\XMR
5% 1 / \\
% ] / \
37 / )
3 ]
S 3% /1L xo=10R
E //// \
W oo vy ‘
// X4=20R \
1% LT T N \ \
] L \\
0% 1 "1 N N
0.001 0.01 0.1 1
aR

Fig. 2. Change of the maximum relative error Eg,.(axg,aR)/(AL,) with
dimensionless equivalent radius a R of the spring for different values of x¢/R.
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where limg_y+|Ko(aR)| = co has been applied. Eq. (10)
indicates that /(ax,t; L,) describes the groundwater head
fluctuation of the confined aquifer caused by only the tidal
loading above the offshore part of the aquifer without
spring. The solution /;(ax,t; L,) is essentially the same as
that by Ver der Kamp [15] where the confined aquifer ex-
tends under the sea infinitely.

From Eqgs. (8a)—(8d), it can be seen that four indepen-
dent parameters are involved in the model: the tidal load-
ing efficiency L., the confined aquifer’s tidal propagation
parameter «, the equivalent radius R of the spring and
the distance from the spring’s centre to the coastline xy.
Given the simplicity of the expressions of /j(ax,t; L.) and
the coefficient 1 — L, +%e (") in Eq. (8c), only the
dependence of the tidal head fluctuation on the dimension-
less equivalent radius aR of the spring will be discussed
here. The function Ko[aR(1 + 1)] has the following proper-
ties: limg_ o+ |Ko[aR(1l +1)]| = oo, and its magnitude and
argument (|KolaR(1 +1)]| and arg{Ko[aR(1 +1)]}) decrease
as aR increases. Therefore, the amplitude and argument of
the fluctuation, as given by Eq. (8c), increase with the
spring’s equivalent radius.

3.3. Hypothetical application example: locating the
submarine spring using tidal data

The example is designed to demonstrate how the loca-
tion of the spring can be determined using the approximate
analytical solution (8) and observed tidal data in inland
boreholes. The solution is first used to generate the
“observed” data with the following values of model param-
eters: xo=1lkm, R=50m, L.,=05 A=10m,
to=12.42h and 4 =0.0003m~'. Hourly time series of
fluctuating groundwater heads are generated for 51 hours
(slightly more than 4 tidal cycles) at three observation
wells: (xg,yr) (K=1,2,3) with x;=-04km, x;=x3
=—-0.1km, y;=3km, yp,=12km and y;=-0.3
km (see Fig. 3). These head data are then perturbed by ran-
dom numbers ranging between —0.01 m and 0.01 m to rep-
resent the observation errors. Fig. 4 shows the tidal level
fluctuation and the “observed” head data in the three wells.

Fig. 3. Locations of the spring and three inland observation wells.

1.0

08 1 Wz
e
06 1 —o—Well 1
0.4 4 ——Well 3
02
0.0
0.2 -
0.4 -
-0.6 -
-0.8 1
1.0 . . . . .
4 8 12 16 20 2

0

Water level (m)

4
Time (h)

Fig. 4. Oscillations of sea level with time and the generated hourly data of
groundwater heads in the three observation wells.

We then formulate the inverse problem by assuming that
the values of the five model parameters (L., a, axy, aR
and ay3) are unknown and may be estimated based on
the “observed” groundwater head data at the three wells.
Note that the relative locations of the three wells (i.e., xi
(k=1,2,3) and y; — y3 (k =1,2)) are known. By compar-
ing the “estimated” and the “true” values of the five
parameters, the applicability and reliability of the tidal
method in locating the spring are examined and demon-
strated. For the system considered here (L,=0.5,
axo=20aR and aR = 0.015), the result in Fig. 2 indicates
that the error of the approximate solution (8) is less than
0.5% of the tidal amplitude. So the approximate solution
can be used without much loss of accuracy.

Based on the solution (8), the five parameters are esti-
mated by solving the following least-squares problem:

51 3
min Z Z[happrox(lologaxka lologa(yk - y3)
=1 k=1

loga,ays,P —
+ayy, 1 P) — i) (11)

where P = (L,, axo,log(aR)) is the parameter vector; fapprox
(lologaxk’ 1010ga(yk - y3) + ays, lj; P) = happrox(axka AV ks tj; P)
is the solution given by (8) at the kth observation well
(X yi)(k=1,2,3) for time ¢; where ¢;=j — 1 (h) is the jth
observation time; hzj G=1,...,51; k=1,2,3) are the 51
hourly “observed” groundwater head data at the kth
observation well (x4, yx) (kK =1,2,3). Here, the logarithmic
transformations of @ and aR are used instead of the param-
eters themselves because, for nonlinear least-squares in-
verse problems, these transformations can speed up the
convergent speed of the iteration and avoid the computa-
tion of negative parameter values in the iteration (e.g.,
[1,7,10]).

A Fortran code was developed to solve numerically the
least-squares problem, where the Bessel function is calcu-
lated by their definition series (see, e.g., Appendix III of
Carslaw and Jaeger [2]). The estimated parameter values
are listed in Table 1. More than a dozen of different initial
guess values of the parameters were used and their ranges
are also listed in Table 1. All these initial guess values con-
verged to the same result. One can see from Table 1 that
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Table 1
Ranges of initial guess values, true and estimated values of the five model parameters for the hypothetical example

log(a) ay; L, axo log(aR) a aR Xo R V3
Initial value ranges [—4,-2] [-1,0.4] [0, 1] [0.1,1] [-3,-1]
True values -3.52 —0.090 0.500 0.300 —1.824 3.0x107* 0.015 1000 50 -300
Estimated values —3.52 —0.0801 0.505 0.305 —1.818 3.01x 107 0.0152 1014 50.5 —266
Relative error (%)* 0.04 11.05 0.97 1.67 0.31 0.31 1.30 1.36 0.99 11.32

% The relative error is defined as the absolute value of the ratio of the difference between the true and estimated value to the true value.

the estimated parameter values are very close to their
respective “‘true values”. The relative errors of all the esti-
mated parameters other than ay; and y; are less than 2%.
These errors are likely to have been caused by the “obser-
vation” errors ranging between —0.01 m and 0.01 m.

Theoretically, for the single-component oceanic tide, the
data of each observation well can provide 2 equations for
fitting the amplitude and phase of the sinusoidal head fluc-
tuation. Therefore, three wells can provide 6 equations
which may be independent of each other. The foregoing
example indicates that the 6 equations provided by the
three given wells can uniquely determine the five indepen-
dent parameters including the location (two parameters)
and equivalent radius of the spring, the tidal loading effi-
ciency and the diffusivity of the confined aquifer. Numeri-
cal tests also indicate that the minimum well number to
uniquely determine the 5 parameters is 3. For example, if
the second well was not included, the iteration to minimize
(11) either converged to different values for different initial
guesses or even failed to converge.

If the oceanic tide comprises both semidiurnal and diur-
nal components, as is commonplace in reality, then the
number of equations provided by each well is doubled
because the amplitudes and phase shifts of both compo-
nents can be fitted. In this case one may intuitively think
that the well number required to uniquely determine the
5 model parameters may be reduced. Unfortunately, our
numerical tests using two-component oceanic tides indi-
cated that this is not the case: if the second well was not
included, the model parameters in (11) either converged
to different values for different initial guesses or even did
not converge at all. This suggests that the equations of
the diurnal and semidiurnal components for amplitude
and phase are not independent. It is common among vari-
ous analytical solutions of tidal groundwater head fluctua-
tions that the equations for amplitude and phase are not
independent for different tidal components or even different
spatial locations, for example, the analytical solution by
Jacob [5].

To examine the effect of well locations on determining
the model parameters, the y-coordinate of the third well
was changed from —300m to 300 m so that all three
wells are located on the same side of the x-axis and
the inverse problem was solved with the other conditions
unchanged. The estimated parameter values were also
found to be very close to their respective “true values”.
The relative errors of all the estimated parameters other
than ay; and y; are less than 2%. A problem encoun-

tered in this case is that, for some initial guesses of
parameter values, the minimizing process converged to
local minimums that were significantly greater than the
global minimum. Our further numerical tests showed
that increasing the amount of observation data by either
collecting more data (longer time series) from the exiting
wells or adding new well(s) improves the accuracy of
parameter estimates and convergence of the minimization
process to the global minimum.

4. Concluding remarks

We have derived an approximate analytical solution to
describe the groundwater head fluctuations in a coastal
confined aquifer induced by both the tidal loading on the
aquifer’s offshore roof and transmission of tidal pressure
oscillations through a submarine spring. The error analysis
shows that the accuracy of the solution is acceptable if the
distance from the spring to the coastline is much greater
than the equivalent radius of the spring, a condition that
is likely to hold in reality.

Through a hypothetical example, we have demonstrated
how this analytical solution can be used together with data
of observed tidal groundwater fluctuations in inland wells
to estimate the location of the submarine spring. Numerical
tests show that at least three inland observation wells are
needed in order to determine the spring’s location (two
parameters) and other three parameters involved in the sys-
tem. The discovery of submarine springs has been so far
accidental and extremely difficult. The method proposed
here may provide guidance for future search for these eco-
logically important point sources of freshwater in offshore
marine environment.
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Appendix A. Derivation of the approximate solution (8) and
the error estimation (9)

Direct inspection indicates that A (ax,t; L) satisfies the
following equations:
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oh, o*hy  O*hy dh,
— =D A0 Le—a 05 - )
o <6x2+6y2 + a x> oo <t < 400
(A.1)
oh, o*hy  O*hy
Dokl S — A2
3 <6x2 ENA x<0, —oo<t<+00 (A.2)
Ohy on
1 — =1 —= A.
xiri‘rnoc ax y—too ay 0’ ( 3)
lim A, = 11m hy, and (A4)
x—0T
Ohy Ohy
lim — = lim . A.
xil(l)1 dx  «o0 Ox (A3)
Let
Nopxact = h — hy. (A.6)

Given the linearity of the model (1)—(6) one can show from
Egs. (1)~(7) and (A.1)—(A.5) that hygx.c satisfies the follow-
ing equations:

ahZExact =D 62hZExact 62hZExact
o ox? 2 )’
(xfxo)ery2 >R? —00 <t < 00,

(A7)

L,
—L,)cos(wt) + A—e”

hZExact | (xy)er =4 (1 2

(x — xo)2 +y* =R,

“cos(wt — ax),

(A.8)
lim ahZExact — lim ahZExact —0.

x—+o00 ax

Jm =5, (A.9)
Due to the complexity of the boundary condition (A.8), it
is extremely difficult if not impossible to find the exact ana-
lytical solution /iygy.e. Here we search for an approximate
analytical solution instead. Replacing e™“*cos(wt — ax) in
(A.8) with e ™ cos(wt —axy) leads to the following
simplified, spatially constant boundary condition:

hakxact (c yer = Malieyer

e . L, .
' 4Re {(1 — L,)exp(iot) + > exp[—axy + i(wt — axo)]}.

(A.10)

Note that the solution of (A.7), (A.9) and (A.10) is axi-
symmetric with respect to the centre of the spring hole.
Using the polar coordinates (r, §) with the origin at the cen-
tre of the spring, we introduce Hy(r,?) as a complex

function of the real variables r = \/(x — xo)> +)? and

this function satisfies Eqs. (A.7), (A.9) and (A.10) with
the right-hand side of (A.10) replaced by
A{(1 — L,) exp(iot) +% exp[—axy + i(wt — axo)]}. Let hy
be the real part of the solution to (A.7), (A.9) and
(A.10), i.e.,

hy = Re[H,(r, 1)]. (A.11)
Now suppose
Hy(r,t) = AZ(r) exp(iowt), (A.12)

where Z(r) is an unknown function of r. Substituting
(A.12) into (A.7), (A.9) and (A.10) and then dividing the
results by 4exp(iw?) yield

0’z 107 [ o,
iwZ = D(6r2+rar> r=1/(x—x0)"+»*>R, (A.13)

oz

}Lr?o - 0, (A.14)
Z0)] e = (1 = L) +2¢ expl—axo(1 +1)]. (A.15)

2

Using a similar method to that in Hsieh and Bredehoeft [4]
or Carslaw and Jaeger [2], one can obtain the solution to
(A.13)(A.15):

Le e o (1+i) KO[ (1 + 1)]

2 = |1-Let e KolaR(1+1)]’

r =R,

(A.16)

where Ko(z) is the modified Bessel function of the second
kind and zeroth order. Finally, combining Egs. (A.11),
(A.12) and (A.16), we obtain the solution /4, as given by
(8c). Then using (A.6), we find

h= hl + h2Exact ~ hl + hZ dif happrox> (A17)

which is the approximate solution given by (8a).
Now consider the error between the exact solution
Nogxact Of (A.7)~(A.9) and its approximation /,. Let

E = hypxact — ho. (A.18)

According to (A.7)—(A.10), E satisfies the governing Eq.
(A.7) and the boundary condition (A.9), and on the bound-
ary of the column representing the spring, we have

—ax

L,
Elper =4 cos(wt — ax) — e~ * cos(wt — axp)],

‘(} 2[
(x—x0)* +)* =R%.

(A.19)

The maximum principle of the linear partial differential
equations of parabolic type (e.g., [14], p232) indicates that
the maximum and minimum of the error £ only occur on
the boundary of the column representing the spring. Thus,

= max A—\e cos(wt — ax)

X
max [x—xo|<R

|E| < maXE|(xAy)61"

— e " cos(wt — axo)|

_ —ax(1+1)+Haowr —axg (1+1)+iowr
= —e Il
k—xo|<R 2
L —ax(14i)+iot —axo (14)+Haot
< max —|e —e o |
[x—xo|<R 2
—axo . X0 .
_ AL ax [erto 09 ) AT ety
2 |x—xo|<R 2
AL

\/€2R 4+ 1 — 2eR cos(aR) o Enmax(axo, aR)
(A.20)

This gives the error estimation Eq. (9).
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