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ABSTRACT: A novel dimensionless formulation for water flow in two-dimensional variably saturated media is
presented. It shows that scaling physical systems requires conservation of the ratio between capillary forces and
gravity forces. A direct result of this finding is that for two physical systems to be hydraulically similar, the soil
in the smaller system has to be coarser than the soil in the larger system. The new formulation is implemented
in a finite-element model that compared favorably with published numerical results with a minimal mass balance
error. Bayesian estimation using prior physical information was used to fit the model to experimental data that
simulated tidal action in a laboratory beach. Results show that the model is not sensitive to the residual soil
moisture or the parameter n in the van Genuchten model, but is sensitive to variation in the saturated hydraulic
conductivity and the parameter o in the van Genuchten model. Nomographs based on the dimensionless for-
mulation were used to scale the results of the laboratory beach to the range of natural beaches.

INTRODUCTION

Flow in variably saturated porous media has been gaining
importance since the work of Freeze (1972) on the contribu-
tion of base flow to total runoff. Various applications include
the movement of toxic leachates beneath sanitary landfills and
water motion in beaches (Wrenn et al. 1997; Boufadel et al.
1997a,b). Analytical solutions are generally based on the Du-
puit assumption that the vertical flow is negligible with respect
to the horizontal flow (Bear 1972, p. 364). This assumption,
however, is not applicable in many field situations. For this
reason many numerical models have been developed as tabu-
lated in Clement et al. (1994). Existing numerical models are
presented in a dimensional form, which does not allow scaling
(up or down) numerically or experimentally obtained solu-
tions. The latter is very important in certain fields such as
coastal engineering, where physical models are used exten-
sively (Hughes 1990) due to the difficulty in modeling (nu-
merically) waves breaking on a sandy beach.

Traditionally, scaling-down in coastal engineering was done
based on wave characteristics only by assuming that the beach
is “impermeable’’ [see Gourlay (1992) for a tabulation of the
dimensionless scaling groups for impermeable beaches]. How-
ever, experimental data by Hegge and Masselink (1991) and
Gourlay (1992) showed that even for a relatively permeable
beach, waves cause a rise in the beach water table. Their re-
sults affirm the limitation of designing physical models based
on wave characteristics only. Therefore, there is a need to de-
velop dimensionless groups that account for the beach material
when designing a physical model.

This paper presents a dimensionless formulation for two-
dimensional (2D) water flow in variably saturated media that
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provides (via dimensionless groups) a guideline for scaling
and designing physical models. The dimensionless water flow
equations are discretized numerically by the finite-element
method and the resulting numerical model is verified by com-
parison to three illustrative sets of published numerical data.
The numerical code is then used to simulate tidal variation in
an experimental beach tank. Parameter estimation with prior
information—also known as Bayesian estimation—is used
(Beck and Arnold 1977, p. 158) to estimate the saturated hy-
draulic conductivity and the unsaturated-flow parameters of
the beach sand. An illustration of the application of the di-
mensionless formulation on scaling physical systems is pre-
sented at the end of the manuscript.

THEORY

Neglecting the compressibility of water and the source/sink
term, the governing equation for 2D variably saturated flow in
porous media is written as (Huyakorn et al. 1986)
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where ¢ = porosity (dimensionless); .S = soil moisture ratio
(or relative soil moisture) (dimensionless), given by S = 6/¢
where 68 = the water content (dimensionless); y* = pressure
head (L); and S¥ = specific storage per unit water weight (L"),
given by S¥ = 8¢/3y*. An asterisk represents a dimensional
quantity. X, and K, = horizontal and vertical hydraulic con-
ductivities (LT™"), respectively, and they are assumed to be
parallel to the major axes of anisotropy. The first term on the
left-hand side represents the change in water content due to a
change in the soil moisture ratio at constant porosity, while
the second term represents the change in water content due to
change in porosity caused by the deformation of the soil ma-
trix, at constant soil moisture ratio. The soil moisture and the
hydraulic conductivity are correlated experimentally to pres-
sure head and an empirical functional relation is generally ob-
tained. A widely used relation is the one presented by van
Genuchten (1980). In the van Genuchten model, the hydraulic
conductivity is related to the soil moisture ratio by the follow-
ing expressions. When § = 0.0,

$S=10; and K.=K,., K.=K,, 2a)

where K, and K,,, = saturated horizontal and vertical hydraulic
conductivity of the homogeneous medium, respectively. When
s is less than 0.0, the effective soil moisture ratio S, is given
by
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and K, and K, are given by
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where j = x, z; m = 1 — (1/n); S, = residual saturation ratio;
o* and n are model parameters determined by laboratory ex-
periments; and || = absolute value of W.

NONDIMENSIONALIZATION

Few dimensionless formulations for variably saturated flow
are found in the literature. The earliest is by Verma and Brut-
saert (1970). Their formulation, however, did not account for
anisotropy and required scaling the pressure head by the hor-
izontal length scale. The latter is very restrictive because the
predominant forces in most natural systems—gravity and
capillary—have their major effects in the vertical direction.
Freeze (1971) discussed the limitations of scaling his labora-
tory-scale watershed according to Verma and Brutsaert’s for-
mulation without giving rise to an unrealistic soil. Recently,
Li and Shen (1994) derived similarity parameters based on
microscopic geometric similarity of the pores. Their approach
failed, however, when applied at the macroscopic scale to
Philip’s infiltration equation (Philip 1954). They attributed the
difference between the model and the prototype to lack of
exact geometric similarity of the pore structures.

Although the microscopic approach provides fundamental
knowledge and has practical consequences in some cases—
such as film flow (Nitao and Bear 1996) or capillary barriers
(Ross 1990; Steenhuis et al. 1991)—the macroscopic ap-
proach (this study) is commonly used in most variably satu-
rated situations.

By letting K, = K}¥/K,,, K, = K¥/K,,, x = x*/L,, 2 = z*/L,, t
=T, T=LJ/K,, S, =SkL, a = a*L,, and ¥ = ¢*/L,, (1)
is rewritten in a dimensionless form as
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where all the variables are in dimensionless form, and M is a
dimensionless number given by

Ko L
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Egs. (2a), (2b), and (2¢) are written in dimensionless form as
follows. When ¢ > 0.0,

S=10; K.,=K,=10 (5a)
When ¢ = 0.0,
§—§ 1 "
= L = 5b
R [1 T (allbl)"] e
and
Kj = S(elm[l -1 - S:/m)mlz (5¢)

In most variably saturated flow situations S, does not play
an important role except for a short period of time near satu-
ration (Freeze 1972; Wise et al. 1994). Also, the porosity ¢
does not appear in the equations at steady state [because the
left-hand side of (3) vanishes], and it was shown in Sanford
et al. (1993) to have little effects in transient drainage. Thus,
(3), (4), and (5) provide scaling for most practical applications
of variably saturated flow situations. For example, if it is de-
sired to build an isotropic physical model to simulate an iso-
tropic or an anisotropic prototype (for example a dam, trench,
or beach), it suffices to use an isotropic soil such that M, n,
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and a are conserved between the prototype and the physical
model.

A constant M value can be obtained very easily by changing
the geometric (aspect) ratio L,/L,. The term n corresponds to
the uniformity of the porous medium, with higher n value
meaning a more uniform pore-size distribution (van Genuchten
1980). Ideally, n should be kept the same between the proto-
type and the physical model. However, the work of Boufadel
et al. (1998) showed that it has minor effects on water flow
in comparison to o and M. The term « deserves some attention
because it is the product of the vertical length and the van
Genuchten parameter o*, which increases with the average
pore size of the medium: the inverse of o* provides an esti-
mate of the capillary fringe, which is the zone of considerable
moisture (Bear 1972, p. 4). Because the vertical length of the
prototype is usually larger than that of the physical model,
conserving a constant a means that a* in the physical model
has to be larger than a* in the prototype, which is easily
achieved by selecting a coarse material. Thus, scaling down
requires a coarser material in order to conserve the same ratio
between capillary forces represented by the inverse of a* (van
Genuchten 1980, Eq. 29b) and gravity forces represented by
L,. This result can be derived also from purely physical con-
siderations. Suppose it is desired to obtain a physical model
10 times smaller than a 10 X 10 m prototype (2D vertical).
Assume that the water table in the prototype is at the elevation
5 m and the capillary fringe is equal to 2 m. The physical
model will then have the dimensions 1 X 1 m. The water table
in the physical model would be located at z = 0.5 m and the
capillary fringe in the physical model should be equal to 2.0/10
= 0.2 m. The small capillary fringe in the physical model can
be achieved only by having a porous material in the physical
model that is coarser than the one in the prototype.

When a transient simulation is intended, an important pa-
rameter that needs to be conserved between the prototype and
the physical model is the dimensionless time, t = t*/7. The
conservation of this term, however, will be shown later to be
easily achievable via the boundary conditions.

The dimensionless Neuman’s flow rate through the bound-
ary, I, of the domain is given by

F=MJ’K,gq—l-nde’+sz(2l‘—l+1)-n,d1’ (6)
r ox r az

where n, and n, = direction cosines of the outward normal to
line T'. Notice the presence of M in the first term of the right-
hand side of (6). By substituting dimensional quantities for the
dimensionless quantities in (6), it can be shown that the di-
mensional Neuman’s flow rate F* is related to the dimension-
less Neuman’s flow rate, F, by

F*

F=
KZOLX

@)

NUMERICAL IMPLEMENTATION

The governing equations were implemented in a finite-ele-
ment numerical model (Boufadel 1998a). Time integration was
done using the modified Picard method with mass lumping
(Celia et al. 1990) and triangular finite elements were used for
spatial discretization (Huyakorn and Pinder 1983). At each Pi-
card iteration, the resulting system of linear equations was
solved using a standard band Cholesky decomposition method
(Najem 1982; Istok 1989). The Darcy fluxes were computed
according to the method presented by Yeh (1981), which pro-
vides continuous Darcy fluxes across elements boundaries.
Further details of the numerical implementation are given in
Boufadel (1998a).

The performance of the model is compared in Appendix I



with three published, illustrative sets of numerical data, each
representing a different physical scenario. Soil moisture and
pressure head predicted from the present model compared fa-
vorably with results from other studies with small mass bal-
ance errors.

MODEL VALIDATION AND PARAMETER ESTIMATION

The following experiment was designed in the framework
of a tracer study in a laboratory beach system. However, only
water flow will be considered herein. The dimensionless for-
mulation is not used in this section, but the estimated hydraulic
parameters will be used later in the manuscript to illustrate the
dimensionless formulation.

Experimental Setup

The facility used in the experiment consists of an 8 X 2 X
0.6 m carbon steel tank as seen illustratively in Fig. 1. One of
the long vertical sides was made transparent by replacing the
steel sheets with Lexan (a reinforced type of plexiglass). The
sand was positioned at a slope of 10% from a height of 115
cm to 65 cm and at 40% slope from 65 cm to zero. A screen
manufactured of expanded steel and fine mesh was installed
30 cm from the left wall to hold sand and to allow water
passage. The porous screen allowed better control of the water
table landward of the beach (i.e., to the left of the sand). The
sand is made of silica and is rather coarse with a median size
of 1.0 mm. It is very uniform with an effective size of particles
ranging from 0.8 and 1.2 mm. The porosity ¢ was estimated
to be 0.33 after compaction of the sand with a concrete vibra-
tor. The water level was monitored at three locations using
one wave gauge (WG, Model No. LV5900, Omega Engineer-
ing) and two pressure transducers (PT, Model No. 1151AP,
Fisher). The wave gauge (WG) was placed to the right of the
beach to measure the open water level. The pressure trans-
ducers PT1 and PT2 were placed at the bottom of the tank 15
and 160 cm from the left wall, respectively. Initially, the water
level was at 110 cm; the capillary fringe was observed from
the transparent side of the tank to be about 5.0 cm. The tide
level was then reduced to 70 cm and 50 L of water were
applied in 9 min on the top of the beach. The application area
was a rectangle, 8 X 60 cm (where 8 cm were along the length
of the tank and 60 cm is the width of the tank) centered at
156 cm from the left wall. The flow rate was made uniform
along the width of the tank by the aid of a manifold. After all
the water was applied, the water level to the right of the beach
was varied cyclically with a period of about 40 min to simulate
tidal action.

Fig. 2 shows the observed water levels at three locations
where the delayed response of the beach is clearly apparent.
Similar observations were reported by Nielsen (1990) and
Wrenn et al. (1997) on beaches under tidal action. The delayed
response is due to the fact that the beach fills much faster than
it drains, and it results in an average water table level in the
beach that is higher than the average sea water level. The
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FIG. 1. Experimental Wave Tank and Locations of Pressure
Transducers (Dimensions in Meters)
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FIG. 2. Observed Water Levels at Three Locations in Tank

theory behind the lag time was studied earlier by Philip (1973).
Nielsen (1990) provided further analysis.

For numerical modeling, the domain was discretized by
6,072 triangular elements and 3,192 nodes. The average spac-
ing between nodes was about 5 cm in both the horizontal and
vertical directions. The time step, At, was set equal to 30 s.
Only the water level to the right of the beach and the 50 added
liters were considered as input to the numerical model, and
the water levels at PT1 and PT2 were used to estimate the
hydraulic characteristics of the sand. The flow rate to the top
of the beach was assumed to be constant with time at a value

of 1.54 cm?-s™! resulting in a flux rate of about 0.19 cm-s™".

Prior (Physical) Information

The sand of the laboratory beach was assumed to be isotro-
pic and homogeneous and estimates of three hydraulic param-
eters were sought: the saturated hydraulic conductivity K, and
the van Genuchten parameters o* and n. The porosity ¢ was
set at the measured value of 0.33. The residual saturation ratio
S, was expected to be small due to the coarseness of the sand,
hence it was set at the value of 0.01. The term S, was set at
0.0 because its effects can be neglected in variably saturated
flows (Freeze 1972; Wise et al. 1994). The open water to the
left of the beach was modeled as a very porous material with
a saturated hydraulic conductivity K. = 30 cm-s™..

The saturated hydraulic conductivity of the beach material
was estimated at 0.3 and 1.0 cm-s™" using the Kozeny formula
(Bear 1972, p. 166) and a falling head test, respectively. The
falling head test value is large because the sand could not be
compacted in the apparatus, whereas the Kozeny formula de-
pends on the observed porosity and was in this case more
representative of the compacted sand. Therefore, the “prior’’
saturated hydraulic conductivity was set at K,, = 0.3 cm-s™"
(where p stands for “prior’’). The result of the falling head
test provided an upper limit on the expected value of the sat-
urated hydraulic conductivity. This upper limit is accounted
for by assuming that the standard deviation of the prior is
100% of the estimate, thus g, = 0.3 cms™". This assumption
is reasonable because K,, could not be much less than 0.1
cm-s”' due to the coarseness of the sand, while at the same
time it should be less than 1.0 cm-s™', which is close to the
lower limit of the saturated hydraulic conductivity of gravel
(Freeze and Cherry 1979, p. 29).

A capillary-retention experiment (Bear 1972) was per-
formed, and the van Genuchten parameters were estimated by
fitting the van Genuchten capillary-retention curve [(2a)] to
the experimental data using the least-squares method (Fig. 3).
The estimated values and their standard deviations were (o
=0.16 cm™', 0,; = 0.0088 cm™') and (n, = 3.56, g, =0.29).
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FIG. 4. Variation of (a) Unsaturated Hydraulic Conductivity;
(b) Effective Soil Moisture Ratio with Pressure Head for Two Val-
ues of a* and Three Values of n

The variances of the estimated parameters (the square of the
standard deviations) were estimated according to Bard (1974,
p. 178). Fig. 4(a) shows that the effective saturation ratio S,
(approximately equal to S for S, = 0.01) is more sensitive to
a* than to n, especially at near-saturation. For a* = 0,16 cm ™',
the retention curves do not show a considerable variation for
|&*| = 6 cm. Fig. 4(b) shows the variation of the unsaturated
hydraulic conductivity K, = K*/K,, as a function of |[Us*| for the
same values of a* and n; the curves approach the ordinate
axis with increasing o*. Thus, for a* = 0.16 cm™’, n has little
effect on K, for [*| = 6 cm.
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Sequential Estimation

The saturated hydraulic conductivity and the two van Gen-
uchten parameters are to be estimated by minimizing a Bay-
esian-type objective function (Beck and Arnold 1977, p. 158)

N N
F, = wery E (\l’/tl - ‘l’f;l)z + wpm 2 (\W;z - ‘W;z)z

J=1 J=1
+ waelof — o*F + w,(n, — n)* + we (KL — K2 8)

This objective function combines information from the ex-
perimental data (the first two terms) and from previously es-
timated values of the parameters (the last three terms). The
first and second terms on the right-hand side are the weighted
squared difference between the simulated ({s;,) and the ob-
served pressure heads (\s;,) at PT1 and PT2, respectively. The
terms w; (j = PT1, PT2, a*, n, and K,) are weights to be
discussed later. The terms o, n,, and K,, are the prior esti-
mates given earlier. The advantage of (8) is that it removes
the nonidentifiability of the estimated parameters, which is a
situation where many combinations of the parameters produce
the same fit (Carrera and Neuman 1986b). For a thorough
discussion on Bayesian estimation of parameters in ground
water, refer to Carrera and Neuman (1986a,b,c).

The minimization algorithm used in this study is a gener-
alized reduced gradient technique called GRG2 (Lasdon et al.
1979). Lower and upper bounds on decision variables are quite
easy to handle with GRG2. The GRG2 requires a user-supplied
subroutine GCOMP to compute the objective function and the
constraints for values of the decision variables. More infor-
mation on the software can be found in Lasdon et al. (1980)
and applications of GRG2 in hydrology can be found in Unver
and Mays (1984), Boufadel and Buchberger (1993), and Bou-
fadel (1998b).

The weights in (8) are intended to quantify the confidence
of the designer in the data or the prior estimates. A large
weight in a term of (8) implies that higher confidence is put
on the data (any of the first two terms) or the prior estimate
(any of the last three terms) in that term. This is because the
minimization algorithm proceeds in the direction that causes
the largest change in the objective function (between the initial
estimate and the optimum), thereby forcing the model to match
the observed data (or the prior estimate) of the term with the
highest weight. If w,. = w, = wg = 0.0, the objective function
reduces to the weighted least square (WLS) and no prior in-
formation is being relied upon to estimate the parameters. If,
furthermore, wpr) = wpro, the weighted least square reduces to
the ordinary least square (OLS), where equal confidence is put
on the readings at each sensor.

In what follows these two specific forms of objective func-
tion will be considered along with the generalized form given
by (8). For parameter estimation purposes, the observed water
level data from ¢ = 0 s to ¢ = 3,330 s (0.925 h) are used for
two reasons. First, the computation time for each run from ¢
= Q until £ = 5 h with Ar = 30 s takes about 30 min. Because
a precise parameter estimate requires many model runs (about
300 in this study), running the model until £ = 5 h is clearly
not practical. Second, Fig. 2 shows a systematic decrease with
time for PT2 which was shown later to be due to leaks. Thus,
for these two reasons, it is assumed that the data from PT2
are not reliable beyond ¢ = 3,330 s and less reliable than PT1
for r = 3,330 s.

OLS: Woe = W, = Wy, = 0.0; wpr = Wppm

Starting from various initial estimates of a*, n, and K, the
objective function at the optimum was about 300 cm® and the
fit at both PT1 and PT2 was poor when inspected visually.
The contribution of the first and second terms of (8) to the






