SUBMITTED TO IEEE TRANSACTION ON AUTOMATIC CONTROL 1

Bi-Cumulant Games: A Generalization of H

and H,/H. Control

Ronald W. Diersing, Member, IEEE, Michael K. Sain, Fellow, IEEE,

and Chang-Hee Won, Member, IEEE

Abstract

Cost cumulants have been used more frequently in the recent literature and have demonstrated their usefulness in
controlling the vibrations of buildings that are subject to high winds and seismic disturbances. This paper extends the
use of cumulants into stochastic game theory. The development is for a class of nonlinear systems with non-quadratic
costs, over a finite time horizon. Sufficient and necessary conditions for Nash and minimax equilibrium solutions
are given; and, for the case of linear systems with quadratic costs, the equilibrium solutions are determined. In the
process, coupled Riccati equations are found. It is shown that these bi-cumulant games constitute a generalization of
H.. and H,/H... Moreover, the H.. generalization is applied to the control of a four-story building under a seismic
disturbance; and the results are compared with those of linear quadratic gaussian, minimum cost variance, and Heo

control.

I. INTRODUCTION

Stochastic optimal control has historically been based in great part upon the mean of a cost function. The mean of

the cost as used in Linear Quadratic Gaussian (LQG) control is a useful measure of performance (see [5]); but one
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may also wonder what kind of performance can be obtained by using other statistical quantities, such as the cost
variance. This is the type of question that cumulant control addresses. In cumulant control, a performance index is
minimized that is based upon cumulants. Cumulants are a complete set of statistics that include the mean, variance,
and skewness. They are found from the second characteristic function, which is simply the natural logarithm of
the first characteristic function. The work was started with the minimum variance control problem by Sain in [29],
[30], [31], [32]. The discrete time version of this problem was then studied by Cosenza in [7]. The quadratic
nature of cumulants was examined by Liberty in [19], as well as the associated cost densities, in this work and
in [34]. Extensions of cumulants beyond the cost mean and variance were found by Liberty and Hartwig in [21].
The work of Won [38]; Sain, Won, and Spencer [36]; and Sain, Won, Spencer, Liberty [37] examined minimum
cost variance control (MVC) in a nonlinear system and non-quadratic cost framework, in which necessary and
sufficient conditions for the MVC control laws were found. In the work of Pham, et al. [23]- [26], the finite horizon
k-cumulant state feedback control method was developed. This work let the control minimize a linear combination
of cumulants of a quadratic cost function for a linear system. The infinite time horizon results were then given in
Won, et al. [39] and Pham, et al. [27], and the output feedback results in [28]. Furthermore, these results and the
infinite time horizon, output feedback problem are given in Pham’s dissertation, [26]. The application of cumulants
to stochastic control has positive results. Both minimum cost variance (MCV) and k cost cumulant (kCC) control
have been applied to structural vibration problems with encouraging outcomes.

Because cost cumulants include the mean, one can view this vein of research as a generalization of LQG control,
which was popularized by R. E. Kalman. It should be noted that this method of control has one performance index
which involves multiple cumulants. In a similar manner to stochastic control, in stochastic game theory the mean
of the cost plays a large role. Basar [3] extended the use of the mean in stochastic differential games with a risk-
sensitive Nash game, and for the discrete-time, Klompstra [18], did the same. Stochastic games can be extended
in a different direction with the use of cumulants. In this problem each player’s performance index can be based
upon the mean and higher order cumulants.

While the problem of extending game theory to include the use of more cost cumulants is a worthy task, more
control related aspects of this extension are generalizations of H,/H.. and H. control. In Limebeer et al [22], it

was found that the H,/H.. control problem can be solved with a two player game. The two players were the control
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u and disturbance w. For the deterministic case, the two players were interested in determining their equilibrium

solution based upon the cost functions

Ji = / ! 7 (t)z(t)dt

0
lf
Jr— /0 (62w (O)w(t) — 2 (1)z(1)] d,

where z(t) = C(¢)x(¢) + D(t)u(t),i = 1,2, is a regulated output of a system and u,w wish to minimize J; and J,,
respectively. With this form of the game problem, a Nash equilibrium solution was sought. What was found in [22]
was that, by the disturbance wishing to minimize J,, the result was a constraint on the H. norm of the system
from w to z; and in fact this constraint is the constant &. In the stochastic version of this problem the players then
wish to minimize the mean of their cost functions. Similarly in [2], the H. control problem is developed through
game theory, except that in this case, instead of a Nash game, a minimax game is discussed. Here there is one cost
function where the disturbance w wants to maximize, while the control ¥ wants to be the minimizer. Also, for the
stochastic case, the players are concerned with the mean of the cost. So if the H, /H. and H.. control problems have
stochastic versions in which the mean of the cost is examined, then we can study the advantages to be gained by
broadening these results with the use of higher order cumulants. By so extending the performance index to higher
order cumulants, we generalize the well known H;/H.. and H. control problems

In this paper, cumulants will be used to extend stochastic differential game theory. Two games will be discussed:
a Nash game and a minimax game, in which the players will be concerned also with the variance of their costs.
The game will be developed, in both cases, for a class of nonlinear systems with non-quadratic costs. In the next
section, preliminary assumptions on the system will be discussed. Then, for the non-zero sum game, the problem
is defined and sufficient and necessary conditions are given for the players’ equilibrium solutions. The zero sum
case is discussed in the same manner, following the work of non-zero sum game. With the conditions given for the
nonlinear system with non-quadratic costs, equilibrium solutions are found for the linear quadratic case. Finally, the
generalization of H,/H. and H. is discussed, and the results are applied to a four story building under a seismic

disturbance. An earlier version of this work was given in [12].
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II. PRELIMINARIES
Consider the following stochastic differential equation
dx() = f(t.x(e),u(e) wie) i + 0 (1.x(1) ) dE (1) o)
where x(fg) = xo is a random variable independent of &, £ is d-dimensional Brownian motion on the probability
space (Q,.7,P), x(t) € R" is the state, u(t) € % is the control, w(t) € # is the disturbance, and r € T = [to,1]. Let
Qo = (to,ty) x R" and Qo be its closure, that is Oy = T x R”*. Assume the functions f and ¢ to be Borel measurable

and of class C'(Qy x % x #') and C'(Qy) respectively. This means that the functions f and ¢ have continuous

partial derivatives of first order. Furthermore assume that f and o satisfy the following conditions:
(i) there exists a constant C such that
17 (2520, u, w) | < COLA el 4 [l + [w])
lo(t,x)]| < (1 +[x]);
for all (t,x,u,w) € Qo x % x ¥, (t,x) € Qp, and ||| is the Euclidean norm.
(ii) and there is a constant K so that
17 (e %, a,0) = f (2,0, w) || <K (1% = x| + || — ul|
+ 1w —wl))

lo(t,%) — o(r,x)|| <KX —x]|

forallreT; x,xeR", u,i€ %;w,and we ¥ .
We also assume some conditions on the strategies of the control and disturbance. First assume that the strategies

are of the form u(t) = u(t,x(¢)) and w(t) = v(t,x(¢)). Furthermore the functions y: Qp — % and v : Qy — # are

assumed to be Borel measurable and to satisfy:

(i) for some constant C

(e x)l < C(1+x])) and [lv(e,x)]| < 1+ |lx]),

(ii) and there exists a constant K such that
(2, %) = (e, x) ]| < K(J|%—x]])

Iv(£,%) = v(e,.2)|| < K([|£—x]),
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where ¢ € T and x,% € R". Often we will suppress the dependence on ¢ and x and refer to the strategies as ¢ and V.
If the strategies u and v satisfy these conditions, then they are admissible strategies. We can rewrite the stochastic

differential equation as

dx(t) = f(t.x())dt + o (t,x(1))dE (1) x(t0) =xo )

where the strategy (i, V) has been substituted into f, which is then denoted f. The conditions of Theorem V4.1

|?> < oo, then a solution of (1) exists. Furthermore the solution

of [15] are now satisfied and we see that if E|x(z)
x() is unique in the sense that if there exists another solution %(¢) with %(fo) = xo, then the two solutions have the
same sample paths with probability 1. The resulting process is a Markov diffusion process ( [15] pg. 123) and the
moments of x(¢) are bounded.

Let C'?(Qp) be the class of functions ® that have continuous first partial derivatives with respect to ¢ and
continuous second partial derivatives with respect to x: @, @y, Py,y; for i,j =1,2,--- ,n. Now let Cll,‘z(Q_o) be
the class of functions ®(¢,x) that are of class C'**(Qy) but where D, D, Dy, Dy, ,; satisfy a polynomial growth

condition. A polynomial growth condition for a function @ is such that there exist constants ¢; and ¢y so that

|®(#,x)|| < c1(1+ ||x||?) for all (¢,x) € Qp. This yields the Dynkin formula

t
d(t,x) =E {/I — OV (s,x(s))ds|x(t) = x} +E{®(17,x(ty))|x(t) = x} 3)
1
where 0"V is the backward evolution operator given by
d Jd 1 92
w7 / 4z ! —_ 4
o 3 + f1(t,x,u,w) E L <0'(t,x)W(t)0' (1,x) 8x2) 4)

with E{d&(t)d&’(r)} = W (t). The expectation in (3) will now be denoted by Ej,.
So far, the discussion has mainly been a preliminary one, in which the system has been given with two players,
the control u# and disturbance w. These two players may have one common cost function, or two separate cost

functions, with which they are concerned.

III. NON-ZERO SUM (NASH) GAME
A. Problem Definition
In non-zero sum, two player games, there is a performance index for each player; and they both wish to minimize

their index when the other player has played their equilibrium solution. This sort of solution is called a Nash optimal
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strategy. The game described by (1) has two cost functions. The first cost function, Ji, is to be associated with the
control u and the second, J>, is for the disturbance w. For notational purposes, when the arguments of the state,
control, or disturbance are missing, it should be assumed that they are just suppressed. The players’ cost functions
are given by

t
Ji(t,x,u,w) = /le (t,x,u,w)dT + v (xy) (5)
t
t
Datxaw) = [ La(exuwd T+ ya () (©)
t

where Li,L, are the running cost functions, yi, Y, are the terminal cost functions for each player respectively,
and x(f7) = xy. Assume the running cost L; satisfies a polynomial growth condition || L;(t,x,u,w)|| < ki(1+ [|x|| +
[lu]| +||w||") and the terminal cost y; satisfies a polynomial growth condition ||y;(r,x)| < k;(1+ ||x||¢), where
ki, c; are some constants and for i = 1,2. The game to be considered here is one in which the first player, the control

u, wishes to minimize a performance index
o1 (t,x,u,w) = Var, {Jy (¢, x,u,w) } (7)

where Vary, = E {J3(t,x,u,w)} — E2{J1(t,x,u,w)}. Similarly, the second player, the disturbance w, wishes to
minimize

O (t,x,u,w) = Var,{ L (t,x,u,w) } (8)
where both of their cost’s mean values are constrained.

Because both players will be assumed to have full feedback information available to them, % will be the
information pattern for the control and #F will be the information pattern for the disturbance. Thus, % is the
class of all feedback strategies u already described, and similarly for #%. Now we define what is meant by a Nash
equilibrium solution to the game.

Definition 1: The pair (u*,v*) is a Nash equilibrium solution if it satisfies the inequalities
) (O,X,,LL*,V*) <9 (O,X,,LL,V*)
¢2(O,X,‘u*, V*) S ¢2(Oa-xa.u*7 V)

V[l S %p and Vv € Wp.
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Now let Vy (t,x; 14, V) = E {J1 (t,x,u,w)} and Vo (t,x;1t, V) = E; {J3 (t,x,u,w)} be the first and second moments of
the cost function J (¢,x,u,w). Likewise, let V;(t,x; 14, V) = E{Ja(t,x,u,w)} and Va(t,x; 1, V) = E {J5(t,x,u,w)}.
Furthermore, let u* denote the Nash equilibrium solution for the control and v* be likewise for w in what follows.

Definition 2: A function M : Oy — R7 is an admissible mean control cost function if there exists an admissible
strategy ( such that M(t,x) = Vi (t,x;u,v*) for t € T,x € R". Similarly, M : Oy — R is an admissible mean
disturbance cost function if there exist v € # such that M(¢,x) = Vy(¢,x;u*,V).

From now on we shall assume that M and M are admissible mean cost functions.

Definition 3: M defines a class of admissible strategies %), such that pu € %4, if and only if the strategy u is
admissible and satisfies Definition 2. Similarly for M, there is defined a class of admissible strategies #};.

Definition 4: An MCV control strategy [L* € %)y is one that minimizes the second moment, i.e. V5 (¢,x, u*,v*) =
Va(t,x) < Va(t,x,u,v*) for t € T,x € R",v* € #r, where U € %y. Furthermore the variance is found through
V(t,x) = Va(t,x) — M?(t,x). The disturbance’s variance is likewise defined and denoted as V (¢,x), with the Nash
equilibrium solution being v*. V; is referred to as the second moment value function and V is the variance value

function.

B. Nonlinear Nash Solution

To begin this section, several lemmas that will be used in the proof of the Nash equilibrium strategies will be
given. The first lemma will help by providing a necessary condition for the mean of the cost function.

Lemma 1: Let MM € C,l,’z(Qo) be admissible mean cost functions for the control and disturbance, respectively.
Also let 4 and v be admissible control strategies such that they satisfy Definition 2.

Under these assumptions the admissible mean cost function M satisfies
O*Y M(t,x) + L (t,x, 1, V') = 0 ©)
and similarly for M

O VM(t,%) + La(t,3, 17, v) = 0 (10)

where M(tf,Xf) =y (Xf) and M(l‘f,)(f) = l[/z()Cf).
Now we have the following Verification Lemma for the mean of the cost function. It provides sufficient conditions

for the mean value function. Here the set Q is to be an open subset of Qy.
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Lemma 2 (Verification Lemma): Let M € CII,’Z(Q) NC(Q) be a solution to
OV M(t,x) + Ly (t,x, 10, v*) =0 (11)

with boundary condition M (t¢,x¢) = yi(xf). Then M(t,x) = Vi(t,x;u,v*) for all p € %y. Also if M € C,l,’Z(Q) N
C(Q) is a solution to

O VM (t,x) + Lo(t,x,1*,v) =0 (12)

then M(t,x) =V (t,x;u*,v) for all v € #j.

Proof. Since M € C,I,’Z(Qo) and is real valued, we can use the Dynkin formula

M(t,x) =E;, {/ttf ﬁ“’vM(s,x(s))ds} +En{yi(xp)}. (13)

By (11) we have —O*YM(t,x) = L;(¢,x, 1L, v*). Substituting this in (13), we see that M(¢,x) = E; {J; (¢,x, L, V*}.
This is indeed the first cumulant of the cost, so M(t,x) = Vi (t,x; i, v*). The proof for M simply follows the proof
for M. |
Now that we have the results for the mean of the costs, we have the following lemmas for the second moment
of the costs.
Lemma 3: Let M € C,l,’z(Qo) be an admissible mean cost function, with a class of admissible mean strategies
Uy If u* and Va(t,x) € C ,I,’Z(Q_o) are the control’s Nash strategy and corresponding second moment value function,

then they satisfy
O* Y Vs (t,x) +2M (t,x) Ly (1,5, 4%, v*) = 0 (14)

where the disturbance’s Nash strategy is played. Likewise, for the disturbance’s admissible mean cost function

M € C?(Q), the disturbance’s Nash strategy and value function satisfy

OF Y Vs (t,x) 4+ 2M (1,x) Ly (1, x, 0*,v*) = 0 (15)
where the control’s Nash strategy is played.
Proof. By definition of V;(z,x) and V5 (z,x), we have
Va(t,x) < Val(t,x; 1, v¥)

Va(t,x) < Vz(l‘,x;,u*,\/).
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Now, define the strategies as being their Nash strategies for times 7+ At to ¢ and being suboptimal for times 7 to

t + At. Then, following the work in [38] pp. 142-144, we have

Va(t,x) <Eiy { [ /t o Llsds] 2} + E { [ /t o Llsds] [ /f fAl Lids+ v (w)} }
+Epx { [ /, L Ligds+ (xf)] 2}

W (t,%) <Ein { { /, A Lzsds] 2} LE, { { /t A Lzsds] { /t ZN Lids+ v (xf)} }
+ Epx { [/:At Lyds+ ‘I’z(xf)] 2}

where Li(s,x;t,v*) = Ly, Li(s,x;u*,v*) = L}, and similarly for L,. From [38], page 143, using the mean value
theorem and Chapman-Kolmogorov equation yields

Va(t,x) <APE {LT(th xt ut v b+ 2AtE,x{L1 (T, xt v

. { / T Lids+w (xf)] } 4 En {Va(t + Aty x(t + A1)}
t+At

Va(t,x) <APE {L3(tF xt v b+ 2AtE,x{L2(t+,x+,u*, vh)

’f _
: V NLESds—l— Wl(xf)] }+Etx{v2(t+Atax(t+At))}'
r+
Notice the term E, {V5(t 4+ At,x(t +At))}. This can be seen as a terminal condition in the Dynkin formula. With

the application of the Dynkin formula, we can now write

Va(t,x) SAPE {LT(tF xt ut v+ 2AtEtx{L1 (tF,xt v

t+At

{ Y L as H,l(xf)} } N E,x{ /tt+At ﬁu,V*Vz(S,X(S))dS}
+Va(t,x)

Va(t,x) SAPE {37 xT u* v} + 2AtEtx{L2(t+,x+,u*, vh)

. { iy Lisds-HVl(xf)} }-FE;X{/IHN ﬁu*,v\'/z(s,x(s))ds}

t+At

+V2(t,x).
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As it was shown in [38], page 143, if we let Ar go to zero, then we are left with
0 < OV Va(t,x) +2M(t,x)Ly (t,x, 1 (t,x), V¥ (t,x))
0< OV Va(t,x) + 2M(t,x) Lo (t,.x, 1" (t,x), v(¢,x))
which is almost the desired result. But notice, if the Nash equilibrium strategies y* and v* are played, then the
inequalities become equalities and the theorem is proved. (Il
Lemma 4 (Verification Lemma): Let V, € C},’z(Q) NC(Q) be a nonnegative solution to the partial differential
equation

min {ﬁW*vza,x) +2M(t,x)L1(t,x,u,v*)} =0 (16)

Hey

with boundary condition Va(t,x7) = y#(xy). Then Va(t,x) < Va(t,x; i, v*) for every u € %y, and (t,x) € Qp. If p
also satisfies

min {04V Va (e,x) + 2M (1, x)Li (1,3 1, V) |

REUn

17

= 0"V Vy(t,x) +2M(t,x)Ly (t,x, 11, V)
for all (¢,x) € Qo, then V5(t,x) = Va(t,x; i, v*). Similarly for the disturbance, if v € %, is the minimizing argument

of

min {ﬁ#*vvvz(t,x) +21\7I(t,x)L2(t,x,[.l*,V)} —0 (18)

VEWM
then V5 (t,x) = Vo (t,x; ", v).
Proof. This proof will closely follow the proof of theorem 4.2 in [37]. Assume that u satisfies (17) and apply

the Dynkin formula:

[ *
Va(t,x) :E,X{/f—ﬁ“’v Vo (s,x)ds + I//lz(xf)}. (19)
t
From (16) we have the following
t
Vo (t,x) <Ejy {/fZLl (s,x,,u(s,x),v*(s,x))M(s,x(s))ds} +E,x{l//12(xf)}.
t
Now let Ly = Li(7,x(7),u(7,x(1)),v*(7,x(7))); from Lemma 1 we have
r
E,x{ / 2L (s,x, [,L(s,x),v*(s,x))M(s,x(s))ds}—i—E,X{l//lz(xf)}
t
s s 2
£, ["orE, / Ldr+vi(xs) bds b+ En{wd (xp))
Jt Js

t lr
:Em{/’ESX{zLS/" L,dr+2Lsy/1(xf)}ds} +En{W2(xp)}
t Ky
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and, by interchanging the expectation and the integral,
lf
E,x{/ 2L1(s,x,,u(s,x),v*(s,x))M(s,x(s))ds}+E,x{l//12(xf)}
t
iy s 2
= / EpeQ Egx < 2L / Ledr+ 2Ly (xf) ¢ o ds+ Ec {wi(xp) }
t s
tf 5
f/ E; 4 |2Lg / Ledr+ 2L,y (xf) | pds+ En {yi(xs)}
=E;, {/ |:2L / L.dr+2Lsy )Cf :| ds} JrEtx{l[/lz(Xf)}

l l l
=E,, {/ Lsds/ err+2/ Lsyn (xf)ds} +E,x{l//12(xf)}
t t t

=E,, { {/ttf Lids + v (xf)} 2} =Va(t,x; lu, v¥).

From the above analysis we can see that if u* is the minimizing solution then the inequality becomes an equality.
The proof for the case of the disturbance may be completed by following the proof for the control. (|
From these lemmas, it is possible to begin discussion of the Nash equilibrium solution. The following two
theorems provide sufficient and necessary conditions for the Nash equilibrium solution.
Theorem 1: Consider the two player game described by (1), (7), and (8). Let M be an admissible mean cost
function, M € Cll,’z(Q) NC(Q), with an associated %. Also consider the function V € C},’Q(Q) NC(Q) that is a

solution to
2

=0 (20)
o(tx)W(r)o'(t.x)

with V(t7,x7) = 0 and the function V € Cy*(Q)NC(Q) that satisfies

* aM
in ¢ OV V(1 -t
mip { V() +| G 00

2

=0 Q1)
o(t.x)W(t)o!(t.x)

with V (17,x¢) = 0. If the strategies p* and v* are the minimizing arguments of (20) and (21), then the pair (u*,v*)

e oM
' Y
VA {ﬁ Vi) + ’ ox (t:%)

constitutes a Nash equilibrium solution.

Proof. Let the disturbance play its Nash equilibrium strategy v*. Now assume M is an admissible mean cost
function such that M? € C},’Z(Q) NC(Q) and assume V € CII,’Z(Q) NC(Q) satisfies (20). Let 1 € %y be an admissible
control strategy which may or may not be the minimal strategy in (20). Recall that if the control strategy  is in

the class of admissible mean strategies %)y, then it is such that

OV M(t,x) + Ly (t,x,10,v*) =0 (22)
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where M(t7,xs) = yi(xr). Because  may or may not be optimal we have

2
O*VV (t,x) + ‘aM(t,x) >0 (23)
dx o(tX)W(t)o! (1.%)
where V(t7,x7) = 0. Manipulating the above equation yields
1 . 1 2
V(t,x) :E,x{/f oY V(s,x)ds} <E; /f 8—M(s,x) ds (24)
t r | ox o (s. X)W (5)0" (s.x)

where once again the Dynkin formula is used. Recall that in order for V(¢,x) to be a value function for the variance,
it must be such that V (¢,x) = Va(t,x) — M2(z,x). But since M? € C,*(Q)NC(Q), then V3 € Cy*(Q) NC(Q). Using

the definition of variance we have

: 2
Va(t,x) — M?(t,x) < E;, /f aa—M(m) ds (25)
4 X oWo'
which yields
" 2
Va(t,x) < Epy {/f %—M(&x) ds}
t X oWo' (26)

—E;, {/ttf oV M? (s,x)ds} +E{vi(xs)}

by the application of the Dynkin formula to the function M?(¢,x). From Lemma 4 we also have

f
Va(t,x) <Eix { / 2M<s,x>L1<s,x,u,v*>ds} + En{ Wi (xp)) 27
t
with another usage of the Dynkin formula. If we can show that the right members of (26) and (27) are equal, then

we can employ the techniques of Lemma 4 to obtain the desired result. To do so, we examine the equality

2

O*Y M2 (t,x) +2M (t,x) Ly (1,5, 11, V*) = ‘a;;[(t,x) (28)

oWo'

for (¢,x) € Q. The first step in this pursuit is to let O#Y = 01" + 0, where

. J
Z =, TF(x (e x), v(t,x) =

1 , 92
O» =5t (G(t,x)W(t)G (t,x)ﬁ
and with this definition we have for G*" M2 (t,x)
OV M2 (1,x) = 2M(1,x) O™V M(1,x) + O,M (1, ).
Recall that M is an admissible mean cost function, therefore —&*V M(t,x) = Ly(t,x,u,v*). With these two

observations, (28) reduces to

OaM2(t,%) — 2M (1, ) OM (1) = ‘ (29)
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We wish to show that (29) holds. Recall that

M 9 (aMz)’

a2 dx \ dx

so that the left members of (29) becomes

1 , [9>M? I’M ,(OMN (oM’
- _ Z - - i - 30
2tr (GWG [ 52 2M(t,x) 52 D tr (GWG <8x> (8x) ) (30)

where the arguments are suppressed. But notice that the right members in (30) equal the right members of (29).

Therefore the equality (28) is established. This results in (26) and (27) being equivalent, which in turn says that
Va(t,x) < Va(t,x; i1, v*) for all u € %)y and (¢,x) € Q. With another application of Definition 4 we see that V (z,x) <
V(t,x;u,v*) for all u € %y and (¢,x) € Q and therefore we have reached the desired result. Note that if indeed
W = u*, the inequalities in the second part of the proof become equalities and therefore V (¢,x) = V(¢,x;u*,v*).
For (21), the proof is the same, except the minimization takes place for all v € #}, instead of u € %)y, as well as
V and M take the place of V and M. O

Theorem 2: Let M be an admissible mean cost function, M € C II,’Z(Q_O), with an associated %), and similarly for

M and #j. If (u*,v*) is the Nash equilibrium pair and V (,x) € Cy(Qo), V (t,x) € Cy*(Qo) are the corresponding

variance value functions, then they satisfy the equations

2
ﬁ“*’V*V(t,x)—i-‘aM(Lx) =0 (31)
dx o(tx)W(t)o' (1.x)
v 2
O YV (1,x) + ‘aM(I,x) =0 (32)
dx ot X)W ()0’ (t,x)

with V(t7,x7) =0 and V(t7,x7) =0.
Proof. By definition, V (t,x) = V»(t,x) — M?(t,x) and likewise for the disturbance we have V(t,x) = V> (t,x) —
M?(t,x). From Lemma 3, we have

OV (1,6) + M2 (1,2)] + 2M (1, 0)La (1,617, V") = 0

O* VIV (t,x) + M (1,x)] +2M (t,x) Ly (1, x; 1™, v¥) = 0.

However, it was shown in the proof for Theorem 1, that

R, e o oM,
OF Y M (t,x)] 4+ 2M (¢, x) Ly (t, 5, 1%, V) = | =—(£,x)
dx ot X)W ()0 (1.%)
. oM 2
OF VM2 (t,x)] + 2M (1, %) Lo (1,5, 1, V) = ‘(l,x)
dx ot X)W(1)o' (1.%)
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With the linearity of the operator 0*+V and through substitution, the theorem is proved. (]
Remark 1: Even though the treatment of the Nash game has been for two players, this problem can be extended

to N players. Due to space constraints, this isn’t included. However, for this discussion please see [13].

IV. ZERO SUM (MINIMAX) GAME
A. Problem Definition

So far, the discussion has been limited to the case in which both players have different cost functions, and each
player wishes to minimize their performance index when the other player has played their best strategy. Now,
the discussion will switch gears to the zero-sum game, in which the players both are concerned with the same
performance index, only the control wishes to minimize it, while the disturbance wishes to maximize it.

For the performance index, the control u wishes to minimize the variance of the cost, while the disturbance w
wishes to maximize this quantity, with the mean value being constrained. As in the non-zero sum case, when the
arguments of the state, control, or disturbance w are missing, it should be assumed that they are just suppressed.

The players’ cost function is given by
1
J(t,x,u,w) :/ L(T,x,u,w)dT+ y(xy) (33)
t

where L is the running cost functions and y is the terminal cost function, respectively, and x(r) = x¢. The running
cost and terminal cost both are assumed to satisfy a polynomial growth condition. Because the variance is the

cumulant of interest, the performance is given by
O (2, x,u,w) = Var,{J(t,x,u,w)} (34)

where the mean is to be constrained. The players in the zero-sum game will also have full feedback information
available, and % and #F are defined similar to before. This allows us to define what is meant by a zero sum
equilibrium solution.

Definition 5: The pair (1u*,v*) is a zero sum equilibrium solution if it satisfies the inequality

¢(07‘x7u*7v) g ¢(07'x7l"’*7v*) S ¢(07x7.u7V*)

YU € Up and VYV € .
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Let Vi (t,x; 1, V) = E {J(t,x,u,w)} and Vo (¢,x; 1, v) = E{J?*(t,x,u,w)} be the first and second moments of the
cost function J(¢,x,u,w).

Definition 6: A function M : Oy — R is an admissible mean cost function if there exist admissible strategies
and v such that M(¢,x) = Vi (¢,x; 1, V) for t € T,x € R".

From now on we shall assume that M is an admissible mean cost function.

Definition 7: M defines a class of admissible strategies %4, and #)s such that u € % and v € #j if and only
if the strategies are admissible and satisfy Definition 6.

Definition 8: The optimal control strategy p* € % is one that minimizes the second moment, that is V5 (¢,x, u*, v*) =
Va(t,x) < Va(t,x,u,v*) for t € T,x € R",v* € #p, where u € %y. Furthermore the variance is found through
V(t,x) = Va(t,x) —M?(t,x). Likewise, the optimal disturbance strategy v* € #4; maximizes V5 (t,x, u*, v*) = Va(t,x) <

V2(t7xau*vv)'

B. Zero Sum Equilibrium Solution

Next, we will give the zero sum versions of the lemmas and theorems given in the non-zero sum game.
Lemma 5: Let M € C},’2(Qo) be an admissible mean cost function and @ and v be admissible control strategies

such that they satisfy Definition 6. Under these assumptions the admissible mean cost function M satisfies
O*"VM(t,x)+L(t,x,u,v) =0 (35)

where M(tf,xy) = y(xy).
With the necessary condition result, a sufficient condition may be desirable.

Lemma 6 (Verification Lemma): Let M € CII,’Z(Q) NC(Q) be a solution to
O*VM(t,x)+L(t,x,1u,v) =0 (36)

with boundary condition M(ts,x¢) = y(xy). Then M(t,x) = Vi(t,x;u,v) for all u € %y and v € #jy.
Proof. Let M € C},’Z(Qo) and be real valued. The Dynkin formula can be used to give

tf

M(t,x) =E;, { —ﬁ“’VM(s,x(s))ds} +E{w(xs)}. (37

t
But by (36) we have —O*VM(t,x) = L(t,x,1t, V). With some substitution, we find M(¢,x) = Vi (¢,x; 4, V) and the

lemma is proved.. (]
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Lemma 7: Let M € CII,’Z(Q_O) be an admissible mean cost function, with a class of admissible mean strategies
Uy and #y. It u*, v*, and Vs (z,x) € C,l,"z(Q_o) are the zero sum equilibrium strategies and corresponding second

moment value function, then they satisfy

OF Y Vs (t,x) +2M (1, x)L(t,x, 0", v*) = 0. (38)
Proof. For the zero sum game, the proof will follow the non-zero sum game, Lemma 3. Recall, that the proof
followed that of [38], pp. 142-144, closely. Both strategies will be defined as they were in non-zero sum game,
where they play their optimal strategy for time ¢+ At to ty and suboptimal for time ¢ to 7+ At By definition of
Va(t,x) we have
Va(t,x) < Val(t,x; 1, v¥)
Va(t,x) > Va(t,x; 10", v).
Notice that for the first inequality, it is very easy to see that this proof is almost the same as the non-zero sum
game except that instead of L; we now have L. For the second inequality, the proof is also the same as that in the
non-zero sum game, except the less than or equal operator is replaced by greater than or equal. |
Next, we have the following Verification Lemma for the second moment of the cost.
Lemma 8 (Verification Lemma): Let V, € C},’2(Q) NC(Q) be a nonnegative solution to the partial differential
equation
min max {4V (r,) +2M (1, x)L(tx 1, V)} =

max min {O*VV,(t,x) +2M (t,x)L(t,x,u,V)} = (39)
VEW y LEUy

ﬁ”*‘V*VZ(I,x) +2M(t,x)L(t,x,u*,v*) =0
with boundary condition Va(ts,xr) = y?(xf). Then Va(t,x;u*,v) < Va(t,x) < Va(t,x;u,v*) for every u € %y,
v € #jy, and (t,x) € Q.
Proof. To do this proof, we will follow the proof of Theorem 4.2 in [37], as we did for the corresponding proof
in the non-zero sum game. Note that if the disturbance’s maximizing solution is played, the proof follows the proof
for Lemma 4. Therefore, assume that the control has played its minimizing solution, p*, and apply the Dynkin

formula:

Va(t,x) = Epx { /[f — O Vs (s,x)ds + l[/z(xf)} . (40)

t
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From (39) we have the following

Va1 2B { [ 2100050 (50 V) M6 (0 |+ B ¥2051)
Let L; = L(t,x(t), u*(7,x(t)), v(7,x(7))); from Lemma 5 we have
E{ [ 2560, v<s,x>>M<s,x<s>>ds} T+ En{v ()}
—E,, { ttf 2LEgy { /S v L.dr+y(xy) } ds} +E {2 (xp)}

1y Iy 1y 5
=E,, / Lsds/ err+2/ Loy (xs)ds ¢ +En{y~(xf)}
t t t

where the steps for the reduction were the same as in Lemma 4. Therefore

En { /t v 2LSM(s,x(s))ds} —E, { { /t 7 Lds+ w(xf)} 2} <Vt x 1, V7).

Note that if the disturbance’s equilibrium strategy, that is, its maximum strategy is played, then the inequalities
become equalities. O
With this work, we can now give sufficient conditions for the second cumulant problem.
Theorem 3: Consider the two player game described by (1) and (33). Let M be an admissible mean cost function,
MeC II,’Z(Q) NC(Q), with associated %, and #j;. Also consider the function V € C,I,’Z(Q) NC(Q) that is a solution

to

vEWy ME”Z/M

2
max min ﬁ”*VV(I,x)Jr‘aM(t,x) =
dx o(txX)W(t)o' (1.x)

2
- 1)
o(t.x)W(t)o!(t.x)

2

oM
min max {ﬁ”’vV(t,x)—F ‘(t,x)
UEUy VEH )y ox

=0
o(tx)W(r)o!(t.x)

. oM
v
OV (1) + | == (%)

with V(t7,x7) = 0. If there is a solution V to this equation, with u* and v* being the minimizing and maximizing
arguments, respectively, then V (¢,x,u*,v) <V(t,x) <V(t,x,u,v* for all u € %y and v € #j,.

Proof. Let the control play its minimizing strategy p*. Because it is assumed that v € #jy, then
O™ M(t,x) + L(t,x, 10, v*) =0 (42)

where M(t7,xs) = w(xy). Because p may or may not be optimal we have

2

O* V'V (t,x) + ’?j(t,x) <0 (43)

o(tx)W(r)o'(t.x)
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where V(t7,x¢) = 0. Manipulating the above equation yields
2

1 . t
V(t,x) =EM{// —o* ’VV(s,x)ds} >E;, {/ ! ds} (44)
t ! o (s,x)W(s)o!(s.x)

where once again the Dynkin formula is used. Using the definition of variance we have

oM
ﬁ(s,x)

p 2
Va(t,x) — M?(t,x) > Ej, /f %—M(s,x) ds (45)
t X oWo'
which yields
. 2
Va(t,x) > Epx {/f %—M(s,x) ds}
t X ocWo’ (46)

“Ep { / " on (s,x>ds} +En{ WP ()}

by the application of the Dynkin formula to the function M?(¢,x). From Lemma 8 we also have

Vo (t,x) > Eypy {/tf 2M (s,x)L(s,x, 1™, v)ds} +Etx{l,(/2(xf)} 47)
t

with another usage of the Dynkin formula. Notice that by following the steps of Theorem 1, we find that

2

MV M)+ 2M (1, 0)L{t, 3 V) = \aMo,x) 48)

ox

oWo'

for (¢,x) € Q. This then yields (47). For the control’s case, in which the disturbance has already played its maximizing
solution, the proof follows very closely that of Theorem 1. (]

Theorem 4: Let M € C,l,’z(Q_o) be an admissible mean cost function, with an associated % and #4. If (u*, v*) is
the minimax equilibrium pair and V(z,x) € C 11],2(Q-0) is the corresponding variance value function, then they satisfy

the equations
2

oMV V(t,x) + ‘(t,x) =0 (49)
dx o(tx)W(t)o' (1.x)
with V(tf,Xf) =0.
Proof. The proof is very similar to that of Theorem 2 and it follows from those steps. O

V. APPLICATION TO THE LINEAR QUADRATIC SPECIAL CASE
A. Non-Zero Sum Case

Now we consider the case when the system given is linear. The system will be described by

dx(t) = (A(t)x(t) +B(t)u(t) +D(t)w(t))dt + E(t)d& (1) (50)
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where x(fp) = xo, Q are positive semidefinite and R,S are positive definite. Furthermore the costs will be assumed

to be quadratic;

5= [ W O0)(e) 4o (REWyule) 4w ()0t 42 11) 0ty

fo

Jr = /ltf (X' ()Q(t)x(t) +u' ()R(t)u(t) +w' (1)SE)w(t))dt +x' (t) O px(tf)
Jty
where Oy = Qy =0.

Let us assume that the costs are quadratic. That is M (z,x) = x'.# (t)x+m(t), and similarly with V (¢, x),M(z,x),V (¢, x)
where .4,V ,.#,¥ are matrix functions of time and m,v,m,V are scalar functions of time.

Recall the HIB equations for the non-zero sum case. For the control, we have

mi/n {yl [ M x 41+ 2(Ax + By +DV*) A x+ X' Ox
HEUm

+ WRUA+V'SV]+1r(EWE' (y M + V)

+ PV x+9+2(Ax+ Bu+Dv) Vx+ 4///EWE’///]} —0;

and minimizing this gives
u (1) = w(t,x(t)) = —R'B'(t) (.4 (t) + ¥ ()] x(2), (51)

which is the form of the controller’s Nash equilibrium solution. Similarly, for the disturbance

miWn {771 [x////;x—&—nﬁ—l—Z(Ax—i—Bu* +Dv) M x+x Ox
VEN y

+ u ' RU* +V'SV] +tr(EWE' (WM + 7))

+ BT x+ P+ 2(Ax+Bu* +Dv) Vx+4 MEWE' A } =0

which by minimization yields
W (t) = Vi (,x() = =570/ () [ (0) + 2 (1)]x(1). (52)

Using this Nash equilibrium solution (u*,v*), we can determine the Riccati equations by substitution. First
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consider the mean of the control’s cost function
MAA M A MAFQ— 1M+ |DSID

—MDS'D' )M+ V) — WM+ M BR'B A
(53)

— MBR'B [y M + V) + N M+ MBRB WM+ p M

+ 7 + 7V \DS'SS D )M+ V] =0
where .# (tf) = Qf. Next we derive an expression for the variance. In a similar way use (u*,v*) to give the

equation

VAV VA~ WM+ VDS DY
— VDS '\D'[nM + V)~ M+ 1V ]BR'BYV (54)

~VBR'B M+ V| +4MEWE M =0

with #'(t¢) = 0. Finally an expression for the mean of the disturbance’s cost is given by
M AN M+ MA+Q— 1.4+ 7T \DS'D A

— ADS\D' )M+ 9V — 1M+ 4)BR'B A

(55)
— MBR By M+ 0V + M+ M)BR'RRB )M+ 1o ]
+ 1M +p VDS M+ V] =0
with E//Z(l‘f) = Qf and
Y+ AV + A~ 1M +% VDS D'V
~VDS'D' WM+ V)~ [y M + 1V |BR BV (56)

—~VBR'B' [y M + V| +4MEWE' A =0
where ¥ (tf) = 0. Notice that if these Riccati equations are satisfied then we know the strategy (u*,v*) given
in (52) and (51). This leads to the following theorem.
Theorem 5: Consider the stochastic game in which the system is linear and the costs are quadratic. Suppose
the .#(¢), 7 (t), #(t) are unique solutions to the coupled Riccati equations (53), (54), (55), (56), then the Nash

equilibrium solution (u*(z,x),v*(¢,x)) is given by (51) and (52). M(t,x), V(t,x), .# (t,x), and ¥ (t,x) are then
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constructed with the aid of

v(t) =—tr(EQ)WQ)E'(t)V (1))
where m(tf) = O,v(tf) = O,m(tf) = O,V(tf) =0.

B. Zero Sum Case

The system in the zero sum game will be the same as in the non-zero sum game. It will be a linear system

described by (50). Along with the linear system, a quadratic cost function

J= tf(x'(t)Q(t)x(t) +u' (1)R(t)u(r) +w'(1)S()w(t))dt + X' (t5) Qpx(tf)

fo

will be used where Oy = Qf =0, Q are positive semidefinite and R,S are positive definite. Assume M(t,x) =
XA (t)x+m(t), and V(t,x) =XV (t)x+v(z).
Using (41), we have

min max {7/1 [ M x+ i+ 2(Ax + Bu + DV*) # x+ X Ox
WEU VEN )

+WRL+V'SV]+tr(EWE' (ptl +p7))

SR P+ v+ 2(Ax+ B+ DV Vx+ 4///EWE’///]} =0

and minimizing this gives
(1) = @ (,x(1)) = —R™'B'(t) [0 (1) + 17 (1))x(0) (57)
which is the form of the controller’s zero sum equilibrium solution. A similar step holds for the disturbance, which
by maximization yields
w'(1) = Vi (t,x(t) = =S 'D'(0) [nA (1) + ¥ (1)]x(0). (58)
Using (u*, v*), the matrix weight from the admissible mean cost function may be determined through substitution,

MAAMA MAFQ— (27 — V). MDST'D' +BR'B .4
—(p—nP)Y|DS'D'+BR B4 — (p— 1) #DS'D' +BR BV (59)

+BY¥[DST'D' +BR'B¥V =0
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where .# (ty) = Q. Likewise for the variance, we obtain
Y +AY +VA—y.HBR'B+DS'D|V
— 7Y [BR'B+DS™'D|.# =29V |[BR"'B+ DS~ D]V (60)
+4MEWE' M =0
with ¥ (z7) = 0. Notice that if these Riccati equations are satisfied then we know the strategy (u*, v*) given in (58)
and (57). This leads to the following theorem.

Theorem 6: Consider the stochastic game in which the system is linear and the costs are quadratic. Suppose the
M (1), Y (1), P(t) are unique solutions to the coupled Riccati equations (59), (60), then the zero sum equilibrium
solution (u*(z,x),v*(¢,x)) is given by (57) and (58). m(t,x) and v(¢,x) are then constructed with the aid of .# and
¥, that is,

m(t) =—tr(E(t)W (t)E'(1).4 (1))
v(t) =—tr(E@)W()E'(t)V (1))

where m(ty) = 0,v(tf) = 0.

V1. Hy/H.. AND H.. GENERALIZATIONS
A. A Cumulant Generalization of Hy/H.. control
Here we will consider the linear system given in (50) with the regulated outputs
21(t) =Ci()x(t) + D1 (1)u(?)

22(t) =Ca(1)x(1) + Da(1)u(t)

where D/lDl = R, is positive definite, CiC 1 = Q) is positive semidefinite. The cost functions are then given as

n=| 7 )z ()t
" 61)

h= /, (W (1wlr) — () (1)) dr.

0

Consider the two-norm of a function z(z) described by

(OB 0= | Y B{|[2(0)| Pyt
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where ||z(¢)||*> = Z(t)z(t). Furthermore, the induced norm on the system Ty, will be defined as

||Z||2,[t 1]
HTZWHDO,[IO,tf] = sup#
’ w HW”Z,[[(),[f]

for all w # 0 bounded power signals, that is one in which 2 norm of w exists.
Notice that minimizing the performance index of the disturbance then imposes a constraint on the input output
properties of the disturbance w to the regulated output z;. To see this, consider that for the performance index

E{J>} > 0 we have

E { /lf(ézw’(t)w(t) —z’z(t)zg(t))dt} >0

Jiy

but this is the same as
7 2 2 [ 2
| EQaPyd <8 [T E{ o) ).
0 0

For all w # 0, we have

2
22| ‘27[1031/‘] 52
2 f—
||W| ‘Z[’Oxtf]

So trying to maximize the mean of J, is equivalent to

||Z2||27[t0,tf] < 6

w | |W| ‘2,[[0,If]

This implies that 6 is a constraint on the H., norm of the system.

Using Theorem 5 with the costs given in (61), we can see that the equilibrium solutions become

u'(6) = (1,x(1)) = —R™'B'(0) [0 (1) + 17 (1))x(0)
(62)

W (1) =V (1,x(0)) = — s D (O[T A1) + BT (0))x(1).

1)
with the appropriate Riccati equations given in (53), (54), (55), and (56).It can be seen that if we let y; =% =1
and 9, % go to zero, then we obtain the equilibrium solution found in [22]. In this sense, the cost cumulant game

has generalized the H,/H.. control problem.

B. A Cumulant Generalization of H. control

As was seen for the Nash game in [9], there are also some control applications for the minimax game as well.
Similar to H,/H.., where the problem can be recast in terms of a game in which the players wish to minimize the

mean of their specialized costs, the H., problem may be a game, but in this case it will be a minimax, or zero-sum,
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game. This problem was discussed in [2] for the deterministic case. The sytem will be the same as before, that is,
described by (50). We will let z be the regulated output of the system, z(z) = C(¢)x(¢t) + D(¢)u(t). In [2] the cost
function for both players was given as

'tf

J(t,x;,u,v):/ (2 (1)z(r) — 82w/ (t)w(z)) dt (63)

J1o
where C'(t)C(t) = Q, D'(¢t)D(t) =R, C'(t)D(¢t) = 0, Q is positive semidefinite, R is positive definite, and & is a
positive constant. For the stochastic case, however, the mean of J will be used as the performance index, that is,
M(t,x) = E{J(t,x,; u*,v*)} (Later we have V(z,x) = Var{J(¢,x; u*, v*}).With different definitions of the two norm,
the results found in [2] are still valid.

To begin, we will similarly define the two norm of z as

IOl = [ EI] Py

Following the work of [2], let

0" := inf
nwew

| oo

which, by use of the definition for || -||«, we have

<
5 = inf sup L W2dotrl
MEW yvew HW||27[107’/”]

If u* is the control law satisfying 6*, then

||ZH*H2,[tO,tf] < 5*||W||2,[t0,lf]

for all v € # and where z,+ = Cx-+Dp*. But notice that this is equivalent to an upper bound on E;{J} of zero. In
[2] (pp. 7) it is also noted that for a saddlepoint solution, the order of the minimization and maximization does not
matter. So what we can say is that by solving this stochastic game, involving the mean, gives saddlepoint solutions
in which the control’s strategy is that of H. control. Because the equilibrium strategies for linear stochastic minimax
games involving the mean of a cost function are the same as those for a deterministic game with the same cost
function, Theorem 4.1 of [2] still holds. That is if the smallest 6 for which the Riccati equation

M)+ A ()M (1) + M ()A) — A (1) (B(t)R' (t)B'(1) — (slzD(t)D’(t)> M) =0
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does not have a conjugate point, i.e. there is no finite escape time, then for § > 0, the Riccati equation does not

have a conjugate point and the equilibrium strategy

(1) = W (1, x(0)) = — R (0B () (0)x(2)

where u* is the H. control law.
Notice that if more cumulants are used (in this case M and V previously given), as we have done previously in
this paper for the zero sum case, it can be seen that the problem generalizes the H. problem. This can be seen

from the equilibrium solution that resulted from Theorem 6. This was given as

w(0) = ' (1,x(1)) = —R7'B'(0) [0 (1) + 1V (1)]x(0)
(64)

* * 1
W (1) =V (1,x(1)) = =5z D' (O n A (1) + 7 (1)]x(0).
If we let 1 =1 and let p» go to zero, the equilibrium solution and the mean Riccati equation tend towards the

results from [2]. This, in turn, creates a generalization of H. control through the use of cumulants.

VII. FOUR STORY BUILDING APPLICATION

Here an example of building vibration control will be given using the generalized H. (2 cumulant, minimax
game control strategy). Further applications to structural control problems using generalized H,/H.. can be seen
in [9] and [10]. Here a four story building is examined. The four story structure, subject to a seismic disturbance,
is given in [40]. The parameters of this 4 degree of freedom building are k = 350 x 10° N/m, m = 1.05 x 10° kg,

¢ =1.575x 10% Ns/m. The stiffness and damping matrices are then

4k -2k 0 0 2c —c 0 0
-2k 3k —k O —c 2¢ —c O
K == C =
0 —k 2k —k 0 —c 2¢ -—c
0 0 —k k 0 0 —c ¢
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where _ _ _
1 -1 O 0 1
o 1 -1 0 1|1
BC/’! —_ EV = —
m
0 O 1 -1 1
0 0 0 1 1

The system has two disturbances. One, &, is the ground acceleration of the earthquake; and the other, w, arises
from uncertainties in the system. To account for some uncertainties in the stiffness and damping matrices, as well

as some uncertainties in the control, we let

0 0 0
D =
-M~" —M~' M'Bg

The system also has regulated output z. These are given as

I 0
a=10%] | x+ u.

0 1

Also in [40], a set of performance evaluation criteria is defined. First there are criteria that deal with the absolute

acceleration of the building, which is calculated by the method given in [40]. The floor acceleration criteria are

1 (T
Ji =max{|as(t)|} = max{ — / azi(t)dt}
it i Ty Jo

where i = 1,---,4 is the floor level. We also are interested in the interstory drifts, [dy,dx2,d3,dxa] = [x1,%2 —

X1,x3 —x2,X4 —x3]. The two indices

1 [T
J5 = max{|d(1)|} J4:max{ - / dfi(t)dt}
it i Ty Jo

help to capture the peak and rms performance of the interstory drifts. Furthermore the control rms and peak response

is measured through
1 (T,
Js = max{|u:(1)|} Js = max 7/ W2(0)dr b
it i Ty Jo
The simulation is performed using the time history from the 1940 El Centro earthquake. The second cumulant,

zero sum (minimax) game is used to determine the control strategy. This method is compared with the LQG, MCV,

and H. methods. The system given for the LQG and MCV comparison is the same as in (50), except for the
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TABLE I

UN-PERTURBED SYSTEM SIMULATION RESULTS

LQG | MCV H. 2-Cumulant
Minimax
Ji | 11.33 | 11.06 | 11.22 10.85
Jo | 3.807 | 3.544 | 3.692 3.360
J3 | 6322 | 61.20 | 62.37 59.58
Jy | 2027 | 18.75 | 19.61 17.68
Js | 708.9 | 854.9 | 770.8 968.6
Jo | 2475 | 2855 | 263.9 313.8

absence of the disturbance w term and its input matrix D. For LQG and MCYV, the cost is simply given as

J= [T 200y

fo

where z is given above. For the H.. controller, the system is the same as the second cumulant, minimax case, as
is the cost function. The parameter ¥ is set to 5 x 10~!3 and is used for both the second cumulant, minimax game
and the MCV control design. For the minimax cumulant game and H.. control, § was chosen to be 7. The results
of the simulation are given in Table I. Notice that for the un-peturbed system, significant reduction in J;-J4 occurs
over LQG. The minimax case a 4.2%, 11.7%, 5.7%, and 12.8% reduction. Also, one can see that the minimax case
also performed favorably to other control methods such as MCV and H... Meanwhile, in Js and Jg, which help
measure the control usage, an increase occurs.

A perturbed system model was also simulated. The perturbation was a change of —15%, as can be seen in
Table II, in the damping and stiffness matrices of the structure. In this case, the minimax case also fared well in
comparison. One can see 5.9%, 10.0%, 6.7%, 11.3% reductions in Ji-J4 using the minimax method presented over
LQG, and again it does still does favorably when compared to MCV and H.. Notice that J5s and Jg measure the
price that you have to pay for these reductions.

Also shown in Fig. 1 and Fig. 2, are the responses of fourth floor interstory drift for the nominal system and
the perturbed system. In these plots, one can see a reduction in the interstory drift by the use of control on the

building when an earthquake hits.
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TABLE II
PERTURBED SYSTEM SIMULATION RESULTS
LQG | MCV H. 2-Cumulant
Minimax
Ji 12.28 | 11.88 | 12.11 11.56
Jo | 3453 | 3.251 | 3.364 3.109
Jy | 72.25 | 69.50 | 71.08 67.40
Jg | 20.89 | 19.51 | 20.29 18.53
Js | 765.6 | 927.4 | 8339 1055.5
Jo | 2352 | 273.6 | 251.7 302.8
50 I
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Fig. 1. Fourth Floor Interstory Drift for Nominal System
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Fig. 2. Fourth Floor Interstory Drift for Perturbed System

VIII. CONCLUSION

25

30

29

In this paper, we have used cumulants, in particular the first and second cumulants, in stochastic differential game

theory. Minimum cost variance games were developed for both the zero and non-zero sum case. The development

was for a class of nonlinear systems with non-quadratic costs. Sufficient and necessary conditions for the Nash

and minimax equilibrium solutions were found, and the results were later applied to the linear quadratic case.

Furthermore, a generalization of H,/H. and H. control through the use of cumulants was discussed. Finally,

the results were applied to a four story building control problem in which the structure was subject to a seismic

disturbance.

REFERENCES

[1] T. Basar, G. J. Olsder, Dynamic Noncooperative Game Theory, 2ed., SIAM, Philadelphia, 1999.

[2] T. Basar, P. Bernhard, H*-Optimal Control and Related Minimax Design Problems: A Dynamic Game Approach, 2ed., Birkhauser, Boston,

1995.

February 1, 2007

DRAFT



SUBMITTED TO IEEE TRANSACTION ON AUTOMATIC CONTROL 30

[3]

[4]

[6]
[7]

[9]

(10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

T. Basar, “Nash Equilibria of Risk-Sensitive Nonlinear Stochastic Differential Games” Jounral of Optimization Theory and Applications,
vol 100, No. 3, pp.479-498, March 1999.

D. S. Bernstein, W. M. Hassad, “LQG Control with an H. Performance Bound: A Riccati Equation Approach,” IEEE Transactions on
Automatic Control, vol. 34, no. 3, pp. 293-305, 1989.

P. Caines Linear Stochastic Systems, John Wiley, New York, 1988.

X. Chen, K. Zhou, “Multiobjective H, /H.. Control Design,” SIAM Journal of Control and Optimization, vol. 40, no. 2, pp. 628-660, 2001.
L. Cosenza, “On the Minimum Variance Control of Discrete-Time Systems,”

Ph.D. Dissertation, Department of Electrical Engineering, University of Notre Dame, Jan. 1969.

L. Cosenza, M. Sain, R. Diersing, “Cumulant Control Systems: The Cost-Variance, Discrete-Time Case,” Proceedings 42nd Allerton
Conference on Communication, Control, and Computing, Monticello, IL, Sept 29-Oct. 1, 2004.

R. W. Diersing, M. K. Sain, “A Multiobjective Cost Cumulant Control Problem: A Nash Game Solution,” Proceedings American Control
Conference, pp. 309-314, Portland, Oregon, June 8-10, 2005.

R. W. Diersing, M. K. Sain, “The Third Generation Wind Structural Benchmark: A Nash Cumulant Robust Approach,” Proceedings
American Control Conference, pp. 3078-3083, Portland, Oregon, June 8-10, 2005.

R. W. Diersing, M. K. Sain, “Multi-Cumulant, Multi-Objective Structural Control: A Circuit Analog,” Proceedings Midwest Symposium
on Circuits and Systems, pp. 3090-3095, Cincinnati, Ohio, August 8-10, 2005.

R. W. Diersing, M. K. Sain, “Nash and Minimax Bi-Cumulant Games” Proceedings 45th IEEE Conference on Decision and Control, San
Diego, California, December 13-15, 2006.

R. W. Diersing, “H.., Cumulants, and Games,”

Ph.D. Dissertation, Department of Electrical Engineering, University of Notre Dame, August, 2006.

J. Doyle, K. Zhou, B. Bodenheimer, “Optimal Control with Mixed H, and H.. Performance Objectives,” Proceedings American Control
Conference, pp. 2065-2070, 1989.

W. H. Fleming, R. W. Rishel, Deterministic and Stochastic Optimal Control, Springer-Verlag, New York, 1975.

W. H. Fleming, Functions of Several Variables, Springer-Verlag, New York, 1977.

M. L. James, G. M. Smith, J. C. Wolford, P. W. Whaley,Vibration of Mechanical and Structural Systems, 2nd ed., Harper-Collins College
Publishers, New York, 432-435.

M. B. Klompstra, “Nash Equilibria in Rish-Sensitive Dynamic Games,” IEEE Transactions on Automatic Contrtol, Vol. 45, No. 7, pp.
1397-1401, July 2000.

S. R. Liberty, “Characteristics of LQG Control,” Ph. D. Dissertation, Department of Electrical Engineering, University of Notre Dame,
Notre Dame, IN, August 1971.

S. R. Liberty, R. C. Hartwig, “On the Essential Quadratic Nature of LQG Control-Performance Measure Cumulants,” Information and
Control, vol. 32, no. 3, pp. 276-305, 1976.

S. R. Liberty, R. C. Hartwig, “Design-Performance-Measure Statistics for Stochastic Linear Control Systems,” IEEE Transactions on
Automatic Control, AC-23, no. 6, pp. 1085-1090, 1978.

D. J. N. Limebeer, B. D. O. Anderson, D. Hendel “A Nash Game Approach to Mixed H,/H.. Control,” IEEE Transactions on Automatic

Control, vol. 39, no. 1, pp. 69-82, Jan. 1994.

February 1, 2007 DRAFT



SUBMITTED TO IEEE TRANSACTION ON AUTOMATIC CONTROL 31

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

(33]

[34]

[35]

[36]

[37]

[38]

K. D. Pham, M. K. Sain, and S. R. Liberty, “Finite Horizon Full-State Feedback kCC Control in Civil Structures Protection,” Stochastic
Theory and Adaptive Control, Lecture Notes in Control and Information Sciences, Proceedings of a Workshop held in Lawrence, Kansas,
Edited by B. Pasik-Duncan, Springer-Verlag, Berlin Heidelberg, Germany, Vol. 280, pp. 369-383, September 2002.

K. D. Pham, M. K. Sain, and S. R. Liberty, “ Cost Cumulant Control: State-Feedback, Finite-Horizon Paradigm with Application to
Seismic Protection,” Special Issue of Journal of Optimization Theory and Applications, Edited by A. Miele, Kluwer Academic/Plenum
Publishers, New York, Vol. 115, No. 3, pp. 685-710, December 2002.

K. D. Pham, G. Jin, M. K. Sain, B. F. Spencer, Jr., and S. R. Liberty, “Generalized LQG Techniques for the Wind Benchmark Problem,”
Special Issue of ASCE Journal of Engineering Mechanics on the Structural Control Benchmark Problem, Vol. 130, No. 4, April 2004.
K. D. Pham, “Statistical Control Paradigms for Structural Vibration Suppression,” Ph. D. Dissertation, Department of Electrical Engineering,
University of Notre Dame, May 2004.

K. D. Pham, M. K. Sain, and S. R. Liberty, “Infinite Horizon Robustly Stable Seismic Protection of Cable-Stayed Bridges Using Cost
Cumulants ,” Proceedings American Control Conference pp. 691-696, Boston, Massachusetts, June 30, 2004.

K. D. Pham, “Statistical Control for Smart Base-Isolated Buildings via Cost Cumulants and Output Feedback Paradigm,” Proceedings
American Control Conference, pp. 3090-3095, Portland, Oregon, June 8-10, 2005.

M. K. Sain, “On Minimal Variance Control of Linear Systems with Quadratic Loss,” Ph.D. Dissertation, Department of Electrical
Engineering and Coordinated Science Laboratory, University of Illinois, Urbana, IL, 1965.

M. K. Sain, “Relative Costs of Mean and Variance Control for a Class of Linear Noisy Systems,” Proceedings 3rd Annual Allerton
Conference on Circuit and System Theory, pp. 121-129, 1965.

M. K. Sain, “Control of Linear Systems According to the Minimal Variance Control Criterion-A New Approach to the Disturbance
Rejection Problem,” IEEE Transactions on Automatic Control, AC-11, pp. 118-122, 1966.

M. K. Sain, “A Sufficient Condition for the Minimum Variance Control of Markov Processes,” Proceedings 4th Annual Allerton Conference
on Circuit and System Theory, pp. 593-599, 1966.

M. K. Sain, “Performance Moment Recursions, with Application to Equalizer Control Laws,” Proceedings 5th Annual Allerton Conference
on Circuit and System Theory, pp. 327-336, 1967.

M. K. Sain, S. R. Liberty, “Performance-Measure Densities for a Class of LQG Control Systems,” IEEE Transactions on Automatic Control,
AC-16, no. 5, pp. 431-439.

M. K. Sain, C.-H. Won, B. F. Spencer, Jr., “Cumulant Minimization and Robust Control,” Stochastic Theory and Adaptive Control, Lecture
Notes in Control and Information Sciences, Ed. T. E. Duncan and B. Pasik-Duncan, Springer-Verlag, pp.411-425, 1992.

M. K. Sain, C.-H. Won, B. F. Spencer, Jr., “Cumulants in Risk-Sensitive Control: The Full-State-Feedback Cost Variance Case,” Proceedings
34th IEEE Conference on Decision and Control, New Orleans, LA, pp. 1036-1041, December, 1995.

M. K. Sain, C.-H. Won, B. F. Spencer Jr.,, S. R. Liberty, “Cumulants and Risk Sensitive Control: A Cost Mean and Variance Theory with
Applications to Seismic Protection of Structures,” Proceedings 34th Conference on Decision and Control, Advances in Dynamic Games
and Applications, Annals of the International Society of Dynamic Games, vol. 5, J. A. Filor, V. Gaisgory, K. Mizukami (Eds), Birkhauser,
Boston, 2000.

C.-H. Won, “Cost Cumulants in Risk Sensitive and Minimal Cost Variance Control,” Ph. D. Dissertation, University of Notre Dame, Notre

Dame, IN, July 1994.

February 1, 2007 DRAFT



SUBMITTED TO IEEE TRANSACTION ON AUTOMATIC CONTROL 32

[39] C.-H. Won, M. K. Sain, S. R. Liberty, “Infinite-Time Minimal Cost Variance Control and Coupled Riccati Equations, ” Proceedings
American Control Conference, Denver, CO, pp. 5155-5160, June, 2003.

[40] Sheng-Guo Wang, P. N. Roschke, H. K. Yeh, “Robust Control for Structural Systems with Unstructured Uncertainties”, Journal of
Engineering Mechanics, 130(3), pp. 337-346, 2004. Journal of Engineering Mechanics, vol. 130, no. 4, pp. 437-446, 2004.

[41] K. Zhou, J. Doyle, K. Glover, B. Bodenheimer, “Mixed H, and H.. Control,” Proceedings American Control Conference, pp. 2502-2507,
1990.

[42] K. Zhou, K. Glover, B. Bodenheimer, J. Doyle, “Mixed H, and H.. Performance Objectives I: Robust Performance Analysis,” IEEE
Transactions on Automatic Control, vol. 39, no. 8, pp. 1564-1574, 1994.

[43] K. Zhou, K. Glover, B. Bodenheimer, J. Doyle, “Mixed H, and H. Performance Objectives II: Optimal Control,” IEEE Transactions on

Automatic Control, vol. 39, no. 8, pp. 1575-1587, 1994.

February 1, 2007 DRAFT



