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Abstract

Minimum cost variance control (MCV) optimizes the vari-
ance of the cost function while the cost mean is kept at a
prespecified level. The solutions of the infinite time hori-
zon full-state-feedback MCV problem are found using the
Hamilton-Jacobi theory. In the solutions of infinite time
horizon MCV control problem, a pair of coupled algebraic
Riccati equations arises. This paper considers the existen
of a positive semidefinite solution pair for the steadyestat
version of coupled algebraic Riccati equations, where one
entry of the pair corresponds to cost mean, while the other
entry of the pair corresponds to cost variance. For the MCV
control problem, existence and uniqueness of the solutions
of the coupled algebraic Riccati equations are provided.
From this result it is established that the MCV feedback
controller stabilizes the closed loop system. Furthermore
the algorithm to find the MCV controller from the coupled
algebraic Riccati equations is presented. Finally, three e
amples are provided to verify the existence theorem of the
coupled algebraic Riccati equations.

1 Introduction

The idea of minimal cost variance control originated with
the dissertation work of Sain [6] in 1965 at the University
of lllinois. That work, which was for open-loop control,
was subsequently published [7]. Liberty continued to study
characteristic functions of integral quadratic forms, &l w
as methods for generating cumulants in the time domain. In
this way, he and Hartwig further developed and expanded
the minimal cost variance control idea [3]. A finite-horizon
full-state-feedback MCV control problem has been solved
and reported [8]. The preliminary version of this paper was
presented in [9]

The present paper builds upon [8] by going into the details
of the pair of coupled Riccati equations which were intro-
duced there. The nonlinear problem formulation is given in
the next section, and linear assumptions are made in Section
2 to solve the optimal linear MCV controller. In Section 2
full-state-feedback MCV control in infinite time horizon is

positive semidefinite class. For MCV control, where the
cost mean is kept at a prespecified level, it is also shown,
in Section 3, that such solutions exist and are unique, and
that they stabilize the resulting feedback system. In 8ecti

4, infinite time horizon MCV solution algorithm is provided
with three examples to verify the existence theorem of the
coupled algebraic Riccati equations. Riccati equations ha
been used extensively to find solutions to typical problems
of high performance and robust control, involving methods
of theH., theory and other normed optimizations, the theory
of dynamic games, and risk-sensitive optimization theory.
As for coupled Riccati equations, in 1998 Freilingal.
have independently investigated the coupled Riccati equa-
tions in [2]. The difference between their results and ours
are discussed in Section 5.

Why minimal cost variance control? As pointed out by
Mariton [4], the question of robustness with respect the un-
derlining stochastic process in important. Also, itis tlee-p
formance of the sample path that we should be more con-
cerned, and minimal mean does not consider variance or
the distribution of the cost function, thus it does not guar-
antee anything about the sample path. However, cost vari-
ance indicates what extent the performance is spread around
its mean value, and it may play more important role than
the mean. Two examples provided by Mariton are (1) in
manufacturing, quality control is a critical profit factand

here the ability to obtain a sharp product quality distribu-
tion curve where the mean quality can be pushed close to
the rejection threshold is very important. In other words,
the quality control would like to have small variance of the
cost function even though that may increase the mean value.
(2) In economic planning, an investor wants to maximize
the expected return, however, it has to be within acceptable
variance to avoid bankrupcy. Other example is in satellite
attitude control, where the objective of controlling theiva
ance of the cost is more critical than the mean because the
variance is directly related to the coverage or field of view
of the satellite.

discussed. Section 3 addresses the existence of the steady-

state solutions of Riccati equations, in the symmetric and



2 Infinite Time Horizon Full-State-Feedback MCV
Control

Full-state-feedback minimal cost variance control for the
finite-time horizon was presented in [8]. Here we present
the infinite-time horizon MCV control. Consider the time
invariant linear system given by (1) with,

dx(t) = Ax+ Bk(x) dt + E dw(t), 1)
with the quadratic cost given by (2) with,
It K) = /t * [XQx+K(RKX)] ds )

whereA,B,E,Q > 0, andR > 0 are real constant matrices
of appropriate dimensions.

We formulate the infinite time horizon state-feedback MCV
optimal control problem as follows. Define

Vi (x k)

im LEQIX1),K)}
tp—o tp

1 )
= tl@m EVl(t,x, K). 3

Then we minimize the cost variance of the form,
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Note that the above represents a minimization of the cost
variance per unit time. This addresses the question how
much does it cost (in terms of cost variance) to operate a
given system per unit time. It is also possible to formulate
the problem in terms of the total cost over an infinite hori-
zon, but this may result in infinite total cost.

Now we admit only the bounded, Borel measurable feed-
back control lawk(x) : R" — U such thatk(x) satisfies a
global Lipschitz condition. Moreover, we also require that
k(x) satisfy the linear growth condition. A feedback control
law k which satisfies both of these conditions is caléetd
missible. Furthermorek is admissibl€ if it is admissible
andV; in (3) andV in (4) exist. Then it is known that, under
these conditions (1) has a well-defined solution procesk, an
it is a Markov diffusion process on'H5, page 1551].

Definition 1: A functionM : R" — R™, which isC%(R"),
is an admissible mean cost functioif there exists an
admissibl& control law k such thatVi(x;k) = M(x) for
xeR".

Definition 2: Every admissiblé/ defines a clasy; of con-
trol laws k corresponding tv in the manner thak € Ky

whenk is an admissible control law which satisfies Defini-
tion 1.

Definition 3: Let M be an admissible cost function, and
let Ky7 be its induces class of admissible control laws. An
MCYV control Iawlg*ﬂm such that

VXK =V (%) < V(xK), (5)
for x € R" whenevek € K.

The cost function (2) is unboundedtasapproaches infinity.
Thus typically in minimal mean case, the average cost per
unit time given in Equation (3) is optimized. In infinite time
horizon RS control, the cost is given by
.1
Jre(t, %, k) = lim —InE (expd(t,x,K)),
tr—o tp

and the interpretation is given in terms of the large devia-

tion theory [5]. In the similar spirit, we have formulateath
infinite time horizon MCV control problem.

Assume thaM(x) = X x+ mandV*(x) = X ¥ x+ Vv be-
cause the cost-to-go of any cumulant of an integral quadrati
cost function for a LQG problem is affine quadratic in the
state [3]. We have the following results.

Lemma 2.1 Given a gain matrix Ks) = —R B/ (F (s) +
y¥e(s)) such that A+ BK(s) is exponentially stable, then
liMms 0 ME(S) and lims . V¢ (S) exist where ¢ (s)
M (s—1tr), Vr(S) = V(s—tF),

~Me() = AME(9)+Me(HA+Q
— ¢ ()BR 1B ak (s)

+V? 7 (S BR™IB'VE(9)

: (6)
with the boundary conditiomr (0) = 0, and

—Ve(9) A0ME (S EWE Me(S) + A Ve(s)
+ Vg (S)A— ME (9)BR 1B VE(9)
— Ve ()BRIB'aE(9)

—2y¥F () BRIB' Wk (9),

()

with the boundary conditiowg (0) = 0.

Following two Lemmas are used in the solution of the MCV
problem and the proofs are given in [8].

Lemma 2.2 Let f(x) be given by

X/l

B 1| gRr-1570/

f(x) (8)

and consider the controller term f (x)R~1B'+. If this term
is a morphism of vector addition, ther{xj is constant for
all x such that Bv' x is nonzero.



Lemma 2.3 Let & and ¥BR B¢ have identical null
spaces, and consider the functiofxf defined by (8) on the
domain in which|X||,,gr-1g/» dO€s not vanish. Then(x)
is equal to a (positive) constapbn this domain, if and only
if &% = y*¥BR1B'% on the domain.

Denote?’ — liMs 0 M (S) and ¢ = liMs 00 VE(5). Fur-
thermore, defind(t) =tras (t) andV(t) =te ¥ (t). Then
we have the following theorem.

Theorem 2.1 In infinite time horizon, the full-state-
feedback linear MCV control in £ has the form

= RIB(ar +yV)x, (9)
where the positive semidefinite matricesand ' are so-
lutions of the coupled algebraic Riccati equations:

0=Aaf +MA+Q—BR B +?VBR Bv (10)
and
0 = 4MEWEM +Av +VA-BR'BY
—vBRB'ar —2yvBRB'v. (11)
Theorem 2.1 states that the solution of the coupled algebrai
equations (10) and (11) give the full-state-feedback linea
MCV control law. However, the existence and uniqueness

of the coupled algebraic Riccati equations need to be shown.
In the next section this question is discussed in detail.

3 Existence and Stabilizing Properties

In this section, the existence and stabilizing properties o
the coupled algebraic reccati equations are discussed. Con
sider the steady-state version of the pair of Riccati equati
given in Equations (10) and (11). We examine those equa-
tions for solutions in the symmetric and positive semidefi-

2. If Q> 0and(1/Q,A) is observable (respectively de-
tectable), then for all M> 0, N > 0 and all B,F, the
pair (v M+ Q+F'NF,A+ BF) is observable (re-

spectively detectable).

Lemma 3.1 If Q > 0 and A is stable, the linear equation
A'=+=A+ Q= 0has a unique solutiog, and= > 0.

Lemma 3.2 Supposez > 0, Q > 0,(/Q,A) is detectable
and A=+ =A+Q=0. Then Ais stable.

Now we are ready to state and prove the main theorem of
this section.

Theorem 3.2 Assumé€A, B) is stabilizable(,/Q,A) is de-
tectable, @> 0, R> 0, andy is a nhonnegative constant.
Then the coupled algebraic Riccati equations which result
from the steady-state of the pair given in Theorem 2.1 have
a solutionar * +y2*, in the class of symmetric, positive
semidefinite maps when the following condition is satisfied

AYMEWE M+ T — dyM 1 EWE a1 >0, (12)

where {Ky, My, Vk;k = 1,2,...} are constrained sequence
and Mg = (Kx — Kks1)'R(Kk — Kgy1).  Moreover, A—
BRIB'(m * +yv*) = A+ BK" is stable, and the sequence
My + YV is monotonically decreasing.

Theorem 3.2 states that if Equation (12) is satisfied then
the coupled algebraic Riccati equation gives a solution,
M* +yV*, where the sequence + y¥x, converges to
M*+y¥*. We do not have uniqueness of the solution as
the classical LQG case. In fact by a simple example in the
sequel, we will show that there could be multiple solutions.
Thus, the solution may be a suboptimal solution if there ex-
ists other solutions. Utilizing Theorem 3.2, we have the fol
lowing results for the MCV problem.

nite class. Under reasonable assumptions and a special con-

dition, it is established that such a solution pair existsl a
that it results in a stabilizing feedback control law for the
system being controlled. Furthermore, for the MCV con-
trol problem whereM is kept at a prespecified level, we do
have existence and uniquenessiof + y7*. We begin by
reviewing some of the classical results associated with Ric
cati equations, and we conclude the section comparing the
results with the published results in [2]. The proofs of the
following four claims are given in [10].

Proposition 3.1 If =, Q are symmetric maps such that
=k>0Q,k=1,2,...,and= |, then= 2 limg_e =k EXists.

Theorem 3.1 1. If CiC; = C,C; and (Cy, A) is observ-
able (respectively detectable) théd,,A) is observ-
able (respectively detectable).

Theorem 3.3 Under _the assumptions of Theorem 3.2 and
suppose thaty = M1, Which is equal to a prespecified
M. Thenay+ y¥k | and there exist a unique solution
M *+yv*, in the class of symmetric, positive semidefinite
maps. Moreover, A BR™1B'(# * +y¥*) = A+ BK* is sta-
ble.

The existence of the solution holds fef, > M1, how-
ever we need(y = Myx,1 = M for uniqueness. Because we
specifyM at a certain level for MCV controfify = My 1 in

the MCV control problem, we have existence and unique-
ness of the coupled algebraic Riccati equations. Further-
more,A+ BK* is stable.

Corollary 3.1 Under the assumptions of Theorem 3.2 and
suppose E= 0, which is the deterministic case. Then



m;k+yf17k 1 and there exist a solutions * +yf17*, in the
class of symmetric, positive semidefinite maps. Moreover,
A—BRB'(m*+yv*) = A+ BK* is stable.

4 Infinite Time Horizon MCV Solution Algorithm

This section presents an algorithm to find the coupled alge-
braic Riccati type equations. This algorithm follows Theo-
rem 3.2 and finds« and % when the sufficient existence
condition (12) is satisfied. Even though whef is fixed,

we have unique optimal control law, we usually do not know
what a¢ should be. Thus we propose the following algo-
rithm to find ally, 2 , and4’. Then choose appropriayeo

find the optimal MCV control law. Givew, the algorithmis

as follows.

Check(A, B) stabilizable and/Q,A) detectable.
Choose&; so thatA+ BKj is stable.
Leti = 1.

P wobd P

Findm}i from the following Lyapunov-type equation.
0= (A+BK)' a6 + i (A+ BK) + Q+ K/RK,
5. Find‘lji from the following Lyapunov-type equation.
0= (A+BK) % + 7 (A+ BK) + 49 EWE a1,
6. LetKyy1 = —R B/ (3 + Wi) and findKi, 1.
7. Ifi <2, leti =2 and repeat step 4.
8. Letk=1i—1, and check whether
AYMEWE 2y + (Ky — Kir1)'R
(Kk — Kiy1) — 4y 1EWE M1 > O.
(13)
9. If above condition is satisfied thew +yf1; exist.

10. Repeat step 4 with=i + 1.

In a numerical simulation, we may have to choose the con-
dition (13) to be greater than equal to small negative number
such as-1 x 10’. If one is running this algorithm in a loop
for a differenty values, use the last determinkdvalue as

the initial Ky for the nexty value.

5 Comparison with Freiling, Lee, and Jank’s
Algorithm

In[2], Freilinget al. has a similar condition as the condition
(12) which is repeated here with our notations:
0 < V(Z«—Z1)BR B Vi1 + YV 1BR 1B
(Zk— Zis1) + (Zk— Zs1)BR B (Zk— Ziya)
(14)

wherezy = m;k + V’Ijk.

The difference between (12) and (14) are due ta the differ-
ences in updating. Freilinget al. useKy_1 to find a/x and
useKy 1 anda_1 to find 7. ThenKy is updated using/k
and 7. On the other hand, we u$& to find a7, and V.
Then updatéy, 1 using these values. In other word, 1

is used to updatery and vk in [2], but we useKy to update
My and V. Intuitively this is analogous to the differences
in the current estimate where measuremg(ks up to and
including thek-th instant is used, and the predictor estimate
where measurements upytk — 1) is used in filtering the-
ory. Now, we show that for same updating schem&pf
these conditions are equivalent.

Corollary 5.1 Assume that the same indexes are used,
letv=k+ 1in Freiling’s equations. Then the condition (12)
is equivalent to the condition (14).

Proof: The left hand side of the inequality (14) can be
rewritten as

—Y(Kk — Ky 1)'B Vicy 1 — Yk 1B(Kk — Kicy 1)
+(Kic — Kier 1) R(Ki — Kieg-1)

—Yl(A+ BKk)”’ikJrl + ’Tik+1(A+ BKy)]
+Y[(A+ BK) Vir1 + Vi 1(A+ BK)]
) )

+ (Kk — Kig1) R(Kk — Ky (15)

Note that the signs of the above equations appears to
be reversed with respect to the Freilirgg al's re-
sults because they have the expression fdr,. Us-
ing Freiling et al's Equations (2.9) and (2.10) in
[2]; Wv(Kv-1) = V[(A+ BKy_1)' % + (A + BK,-1)] —
Q and Wy(Ky-1) = —4ymy_WMy_1 — Q W_ith v—1=

k andv = k+ 1, we obtain,—4yMEEWE ay = y[(A+
BKK)' Vicr1 + Vicer (A+ BKi)| and —4yai [ EWE My 1 =
V(A + BKir1) Vi1 + Vi1 (A+ BKii1)]. Thus Equation
(15) is equal to Y EWEary — dyMy 1 EWE My 1 +
(Kk — Kkr1)'R(Kk — Kky1) which gives the inequality (12).
O

Even though updatinx.1 = f(Mk+ y7k) instead oKy =

f(My + yvx) seems minor difference, the convergence re-
sults may differ between these two updating schemes, and
an example of this will be shown in the next section.

6 Examples

Example 1 Consider a simple system given by
dx(t) (—x(t) + Kk(t))dt + dw(t) with the cost
J(te) 5F[x’(t)x(t) + K(t)k(t)]dt and the covari-
ance matrix E{dwdw} = 1dt. For LQG case, we
use the infinite time horizon version cost func-

tion, Joc = liMg_w(1/te)E{J(te)}. Solving for



the positive real? in the classical algebraice ric-
cati equation, we obtainr = —1v2 and the con-
troller k(t) = (1 — v2)x(t). For MCV case, we use
Jvcv = |ithHoo(1/t|:) [E{J’\Z(tp)} 7E2{\j\(tp)}]. Solv-

ing the coupled algebraic riccati equations (10) and (11),
we obtain

0=12 8\/2+ 202+ (42 2y)v2 2(y/2+2v2)v
(16)
M = —1+\/2+y2f172.

Thus, we choosg and find all real positiva’ using Equa-
tion (16), then we find corresponding using Equation
(17). Fory = 0, we obtain the LQG results. When= 0.1

we obtainvy = 0.41442 andy = 0.23881 from our algo-
rithm and analytic solution. See Table 1. If we choose
y= 1.6, we have two possible solutions depending on the
choice of7.

and
(7)

Table 1: Comparison of the Algorithm solution with the
Analytic Solution.

Algorithm Analytic
y M % M %
0.1 0.414| 0.239 || 0.414| 0.239
10| 0.432| 0.225| 0.432| 0.225
16| 0462 | 0.233 || 0.463| 0.233
3.05 | 2.37

This example shows that there may be multiple positive def-
inite solutions for a givery. Thus, in general we cannot
obtain uniqueness of the solutions for the coupled algebrai
Riccati type equations. However, our algorithm can find one
of the solutions.

Example 2 For the coupled algebraic Riccati equations (10)
and (11), we repeat the example of Freilieigal. [2] using
our algorithm. The constant matrices are given as

14 10 %0
a=[o 4] ==lo 2] =5 3
4 0 10 10
Q=10 4} R_[o 1} W_{o 1}'
The initial Ky is chosen as
-2 0

We have tried the simulation with= 3/8 andy = 9/4 .
Fory = 3/8 we obtained the results of Freilimg al. as ex-
pected, however, foy = 9/4, Freiling conditions were not

consider the monotonicity afr , we do however consider
the monotonicity ofa +y7. We note thatvy + yv are
monotonically decreasing as the Theorem 3.2 predicts be-
cause the condition (13) is satisfied.

Fory = 3/8 case, after 7 steps, the algorithm has reached
the solutions

M — 3.2594 51900x 10?2
7 = | 51900x 102 2.4175

v 9.0695 16438x 102
! 1.6438x 102 2.1691

Fory=9/4 case, after 13 steps, the algorithm has reached
the solutions

Moa — 3.7542 64016x 102
13 = | 6.4016x 102 24727
Vie — 7.1655 11540x 102
137 | 1.1540x 102 1.8088

Example 3 A rolllyaw attitude model of a geostationary
satellite is represented as the following linear diffeiant
equation whethy, >> max{li,wc},

0 0 1 0
0 0 0 1
dx(t) = _h\,i/_ 0 0 _Im X(t) dt

1 e 1
0 —ME o0

0 0

0 0

- 1

,—g" sin(B) i

where hy, is the wheel momentumg is the orbital
rate, l; is the moment of inertia of thé-th axis, x =
[yawroll ,yaw rate, roll _rate] is the statem(t) is a dipole
moment of the magnetic torquer (contrd) is the Earth’s
magnetic field strength, an%{@ is the disturbance torque
modeled as Gaussian white noise with intensity ©
Be. The constants for the operational mode are given as
Iy = 198&g- P, 1, = 1876kg- mP, hy, = 55kg- M?/s, o) =
0.004181eg/s,Beo = 1.07 x 10 "telsa and® = 60degThe
initial condition is[0.5deg 0, 0, 0.007deg/g. For this il-
lustration, we have choséd= | andR= 1010,

Note that this example has two open loop poles at the imag-
inary axis, and these two pole locations cannot be changed
using a feedback controlleiK. Thus, this is a marginally
stable case and we could not fitkd that will stabilize

A+ BK. Thus, the Theorem 3.2 does not guarantee exis-

satisfied and the convergence was not guaranteed. But ourtence of a solution. However, if we turn off the existence

condition (13) is satisfied and the convergenceo©f+ yv
is guaranteed. Unlike Freilingt al’s theorem, we do not

condition (12), in 24 steps the algorithm finds the solutions
fory=250.



—1.2856x 10 —7.0469x% 10°
Mo, — | —7-0469x 10° —1.2813x 10*
24 —25509%x 10° —4.6276x 10°
4.3927x 10°  2.4099x 1(°
—2.5509% 10°  4.3927x 10°
—4.6276x 10°  2.4099x 10°
—6.4926x 10°  8.7114x 1(P
8.7114x 10°  —5.3298x 10°
—2.1330x 10! —1.9863x 10!
Vo, — | —19863x 10" —4.2070x 10
24 = ~7.2021x 10?7 —1.5214x 10°
7.2675x 107 6.7979x 107
—7.2021x 107  7.2675x 10?
—15214x10°  6.7979x 10?
—3.6748x 10  2.4580x 10°
2.4580x 100 —7.5603x 10°

7 Conclusions

The infinite time horizon MCV control solution is formu-
lated for general nonlinear system with nonquadratic cost.
Hamilton-Jacobi-Bellman equations are given for this gen-
eral MCV formulation. For a linear system with quadratic
cost function, coupled algebraic Riccati equations arise i
the solution. The existence and uniqueness of these equa-
tions are considered. If we consider the coupled algebraic
equations by themselve, we found a special condition which
would guarantee existence of the solutions. For the MCV
control problem, we found out that by keeping the mean
cost at a prespecified level, we have existence and unique-
ness of the solutions. The optimal performance happens
when uniquem * + y2* is determined. Furthermore the
stabilizing controller is determined. Simple examples and
a satellite attitude control application are provided to-ve
ify the existence theorem for the coupled algebraic Riccati
equations.
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