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Abstract

A deterministic optimal control problem is solved for a control-affine nonlin-
ear system with a nonquadratic cost function. We algebraically solve the Hamilton-
Jacobi equation for the gradient of the value function. This eliminates the need to
explicitly solve the solution of a Hamilton-Jacobi partial differential equation. We
interpret the value function in terms of the control Lyapunov function. Then we
provide the stabilizing controller and the stability margins. Furthermore, we derive
an optimal controller for a control-affine nonlinear system using the state dependent
Riccati equation (SDRE) method; this method gives a similar optimal controller as
the controller from the algebraic method. We also find the optimal controller when
the cost function is the exponential-of-integral case, which is known as risk-sensitive
(RS) control. Finally, we show that SDRE and RS methods give equivalent optimal
controllers for nonlinear deterministic systems. Examples demonstrate the proposed

methods.
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1 Introduction

A number of researchers have worked on the nonlinear optimal control problem,
but they usually assume a linear system with a quadratic form of the cost function
3, 8, 9]. For example, Glad used a quadratic form of the cost function with higher
order terms [8]. Here, we consider a cost function which is quadratic in control
action but nonquadratic with respect to the states. Also, we consider the affine-
control nonlinear system that is linear in control action but nonlinear in terms of the
state. Then we derive the Hamilton-Jacobi (HJ) partial differential equation. A major
challenge in nonlinear optimal control is in solving this HJ partial differential equation.
We solve the HJ equation by viewing the HJ equation as an algebraic equation and
solve for the gradient of the cost function. The optimal controller is found using
the gradient of the cost function. By converting the HJ partial differential equation
problems into the algebraic equation problems, we can solve HJ partial differential
equation more easily. Obtaining an optimal controller using the partial derivative
of the cost function has been discussed in the literature. For example, see [15]. In

our formulation, however, we go a step further and algebraically solve the gradient



of the cost function in terms of the system parameters and weighting functions. In
this paper, we consider a nonlinear deterministic system and optimize a nonquadratic
cost function.

Recently, the control Lyapunov function is generating renewed interest in non-
linear optimal control. We investigate the stability and robustness properties of the
optimal controller using a control Lyapunov function. In 2000, Primbs et al. solved
nonlinear control problems using a new class of receding horizon control and control
Lyapunov function [13]. This control scheme heuristically relates pointwise min-norm
control with receding horizon control, and it does not analytically solve nonlinear op-
timal control problems. In 2004, Curtis and Beard solved a nonlinear control problem
using the satisficing sets and control Lyapunov function [4]. This framework com-
pletely characterizes all universal formulas, but they have two utility functions that
quantify the benefits and costs of an action, which is different from traditional op-
timal control cost function. In this paper, we solve a unconstrained optimal control
problem with nonquadratic cost function for a deterministic affine-control nonlinear
system.

Two other methods of dealing with the nonlinear optimal control problems are
State Dependent Riccati Equation (SDRE) method [3] and risk-sensitive control
method [9, 16]. The SDRE methods solve a nonlinear optimal control problem
through a Riccati equation that depends on the state. The method seems to work well

in applications but rigorous theoretical proofs are lacking in this area. The authors



will derive SDRE and the optimal controller using Kronecker products. An example
demonstrates that we obtain a similar optimal controller as our optimal controller
obtained through the algebraic method. The risk-sensitive control method is an opti-
mal control method that assumes an exponential of the quadratic cost function. For a
linear deterministic system, the linear quadratic regulator problem and risk-sensitive
control problem provide same optimal controller. In this paper, we show that the
risk-sensitive controller is equivalent to the SDRE controller for a special nonlinear
system. Thus, we show that there is a close relationship between the optimal control
using the algebraic, SDRE, and risk-sensitive methods. The preliminary version of
the current paper was presented in [17].

In the next section, we derive the optimal full-state-feedback solution of a deter-
ministic affine nonlinear system. In Subsection 2.1, we interpret the stability and
robustness of the optimal controller by relating control Lyapunov function (clf) in-
equality to the HJ equation. In Sections 3 and 4, two other nonlinear optimal control
methods are discussed; the state dependent Riccati Equation (SDRE) method and
risk-sensitive control method. Here, we derive the SDRE controller for a nonlinear
system for a quadratic form cost function. Finally, risk-sensitive control law is derived

for a nonlinear deterministic system.



2 Hamilton-Jacobi Equation and Optimal Controller

Consider the following nonlinear system, which is linear in the control action but

nonlinear with respect to the state.

dx(t)
dt

= g(x(t)) + B(x(t))u(t), (0) = xo (1)

where g : R" — R", B : R" — R"™ z € R", and v € U = IR™. By a control,
we mean any U valued, Lebesgue measurable function u on (0, 00) for any ¢ < co.
Assume that ¢ and B are continuously differentiable in . Furthermore, consider
the following nonquadratic infinite-time cost function, which is quadratic in control

action but nonquadratic with respect to the state,
J(wu) = [ 0@) + v R()uldr, (2)
0

where [(x) is continuously differentiable and nonnegative definite, R(z) is symmetric
and positive definite for all x # 0, and ' denotes transposition. We also assume
that [g(x),{(z)] is zero-state detectable. The optimization problem is to design a
state-feedback controller that will minimize the cost function, Eq. (2), subject to (1).
Assuming that there exists a twice continuously differentiable (C?), V : R" — R", we
obtain the following Hamilton Jacobi (HJ) equation [5] using dynamic programming
method.

18\/(3:)/
4 Ox

oV (x)
ox

—g'(x) —l(z) = 0. (3)

It is well known that the value functions are not necessarily continuously differen-

tiable. So, this C? assumption is a first step toward solving the full-state-feedback
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control problem. For the above HJ equation, with differentiability and a nonnegative

definiteness assumptions, the optimal controller can be found as

1 IV (x)
= —— B’ ) 4
u' = SR @) B () ()
Viz) . . . ,
Here we note that o is a column vector. By the positive definite assumption of
x

R(z) in the cost function, Eq. (2), the inverse of R(x) exists for all  # 0. Therefore,
the controller is a candidate for an optimal controller.

Here, instead of finding V' from the HJ equation, we will determine an explicit

Vi)

T

expression for To find the optimal controller we introduce a generalized
version of the lemma by Liu and Leake [12, 14]. Our version generalizes the Lemma

to include positive semi-definite matrices by using pseudo-inverse (Moore-Penrose

generalized inverse).

Lemma 2.1 Let x € R" be a real n-vector, z(x) and y(z) be real r-vector functions,
and a(x) be a real function defined on R™. Let X be a positive semi-definite and

symmetric real matriz. Then z(z) satisfies the condition

2(x)Xz(x) + 22" (x)y(z) + a(z) =0 (5)

if and only if
Y ()X y(z) > o(z), (6)
where X is the pseudo-inverse of X. In this case, the set of all solutions to (5) is
represented by
2(r) = =XTy(z) + H'a(z)(x) (7)
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where

[N

B(z) = (' (2)X Ty(x) — a(x)) (8)

Let H be a square matriz, such that X = H'H, and a(x) is an arbitrary unit vector.

We assume that a(x), z(x) are images of H for all x.

Proof. The sufficiency is shown by direct substitution. Suppressing the arguments

and substituting Eq. (7) into Eq. (5) gives
(—y' Xt + B H X (=X Ty + H apB) + 2(—y/ X" + Fd H )y + a = 0.
After some manipulations we obtain
yXty—208d H' XXy — Fd HY XHVaf — 2y X Ty + 268 d H y + a = 0.

We used the pseudo-inverse property, X ™ XX = X*. The second term on the left
side of the equality is rewritten as —23'a’H*' H'H(H'H)*y. Then we use pseudo-
inverse properties A’ = At and HH"a = a for any vector a which is an image of H
[11, p. 434]. We also use the assumption that a is an image of H. So, the second term
on the left hand side, now becomes —23'(HH a)HH H' y = —23'd’ HH*H*'y =

—20'(H*Y' H'a)H*'y = —23'a’ H*'y. Thus, it cancels with the fifth term on the left

hand side. Now we obtain
—yXty+a—pFdHYXH aB =0. (9)

Now, we consider the third term on the left hand side of the above equation. Because
we assumed that a(z) is an image of H, we have H*'XH+* = HY'H'HH* = I. Thus,

7



the third term on the left hand side of Eq. (9) becomes f'a’af3. We reduce Eq. (9)
into

—y' X y+a—-pgB=0.
By substituting Eq. (8) into the above equation, we establish the sufficiency.

To show the conditions are necessary, we change the variables 2 = Hz and gy =

(H*")'y. Then we note that 4’ Xty = |§|> < o implies
24+ 9)* <0,

which is a contradiction. Let w = 2 4 ¢, then using Eq. (8), we note that (5) implies

~) oA w A . . .
W = 32, Take a = —, we have W = af3. Substituting the variables back we have

]
549 = af
Hz+ (HY)y = af
Hz = —(H"y+apB

z = —(H'H)"y+ H"ap.

In the last step we used the assumption that z is an image of H. Consequently, (7)

follows. o
Remark 2.1 This lemma gives a quadratic formula for the vectors.

Now, we present the following corollary for positive definite X, which follows from

the above lemma. This is the lemma that was given by Liu and Leake [12, 14].



Corollary 2.1 Let X be a positive definite symmetric-real matriz. Then z(x) satis-

fies the condition

2(x)Xz(x) + 22" (x)y(z) + a(z) =0 (10)

if and only if
Y (@)X y(z) > a(a). (11)

In this case, the set of all solutions to (10) is represented by

2(a) = =X 'y(a) + H 'a(z)B(a) (12)

where

N|=

B(x) = (v (@)X 'y(z) — a(x))?, (13)

H is a non-singular matriz such that X = H'H, and a(z) is an arbitrary unit vector.

Proof: This follows from Lemma 2.1. See also [12, 14].

This pseudo-inversion extension seems minor but it allows positive semi-definite
X matrix as demonstrated in Example 2.2.

In the next theorem the notation ® is used for Kronecker product and I, is used

for n x n identity matrix. Now, we state the main theorem of this section.

Theorem 2.1 For the system (1), with the cost function (2), we assume that V :

R" — IR is twice continuously differentiable, and V' satisfies the HJ equation (3). Let

P(z) = B(x)R*(z)B'(2) (14)



and

plx) =/ Ple)a(x)\/g (x) PH(x)g(x) + (). (15)
where a(x) is an arbitrary unit vector. For an affine nonlinear system (1), the optimal

controller that minimizes the cost function (2) is given by
u'(z) = —R7N(2)B'(2)P*(2)[g(x) + p(2)], (16)

if the following symmetry, non-negative definite, and image requirements are satisfied.

pT <@ +@> + aP+(In®(g+p)) = (ﬁ + @>/P++(In®(g+p))' <8P+>,,

ox' 02 ox’ ox' O ox’
(17)
dg  Op oP*
== 4+ = >
P55+ 55) + Grthe ) 2o 1s)
and
a(x) and V() are images of \/B(x)Rfl(x)B’(a:)/Q for all x. (19)
- : v 1 g
Proof. Utilizing Lemma 2.1 on Eq. (3) with z = a—,X = (BR"B'/4),y =
T
—g/2, and a = —, we have
oV 1 /1 * 1 B! 1 +
- = __ _B 1B/> . \/(—B 1B/> \/_ / (_B 1B/>
O 2<4R =9+ (3BR oy 39 (P g+
= 2(BR'B)tg+2\/(BRB)ta\lg (BR'B) g+1. (20)

We let H = \/B(x)Rfl(x)B/(x)/Q. From Eq. (4), the optimal controller is given as

ut = —RilB’(BRle/)Jrg _ R’lB’\/(BR_lB’)*'a\/g’ (BR—IB’)+ g+1
— _R'B(BR'B)* |g+ VBR Bayly (BRB)" g + z} , (21)
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where the condition (6) is satisfied because ¢'(BR™'B’)Tg +1 > 0.

In order to solve the HJ equation (3), we have to solve for p with three require-
ments. The first requirement is that V' is symmetric and the second requirement is
that V' is positive definite. Using Eqs. (14) and (15), Eq. (20) can be written as

oV (x)
Oox

=2P"(2)(9(x) + p(2)), (22)

and the second partial derivative of the value function is given as

0?V (x) 2P* () (39(95) n 8p(x)> + 23P+(x) (I, ® (9(x) + p(x))) - (23)

0xoz’ - ox' ox’ ox'

And

o*V B *V
oxdr’  \ dxdx!

Eq. (23), the symmetry requirement is given as (17) and the non-negative definite

!/
) imply that V' is a scalar function and symmetric. Thus, from

requirement is given as (18). The third image requirements allow us to use Lemma

2.1. O

Remark 2.2 Note that the value function, V(x) does not have to be explicitly deter-

mined. Also l(x) does not have to be a quadratic function. See Example 2.5.

Remark 2.3 Some comments are in order about the three restrictions. The symmet-
ric requirement, (17), is always satisfied if P(x) is a scalar. Furthermore, if P™(x)

15 a constant matriz then we obtain a simpler symmetry requirement,

dg  Op dg  p\
Prl=4+2L )=+ P".
(83}’ + 8:1:’) (83}’ + ox’'

Howewver, in general multivariable case, this requirement is somewhat restrictive. The
second requirement, (18), comes from the value function being positive definite for

11



minimal optimization. This condition is usually satisfied for certain values of x.
Thus, this provides the domain of x where the value function is positive definite. The
third requirement, (19), is there so we can use Lemma 2.1. Because a(x) is arbitrary

unit vector, it is relatively simple to let this be an image of H. However, we have to

V(x)
ox

0
verify whether 15 an image of H for each problem.

Remark 2.4 Note that a(x) is a free parameter whose only constraint is that its
magnitude is one. We obtain two solutions (+1 and —1) in scalar case and multiple
solutions in nonscalar case. How we choose among the multiple solutions is a future

research topic.

Remark 2.5 Note that V serves as a Lypunov function, thus the zero-state de-
tectability condition on (g(x),l(x)), guarantees the asymptotic stability of the optimal

feedback system [2].

Example 2.1 Consider the following system with z € R

da(t) _ 3
e x(t) — x°(t) + u(t)

with a cost function

J/ x—l—ut

Now, find the solutions of the optimal control problem. In this example, we take

g(z) =z —23,B=1,R=1/2, and l(z) = 2?/2. We determine that P = 2 and

p(z) = a(z)V/zb — 2% + 222, Substituting these values into the optimal controller

12



equation (16), we have

ut =~z +2° — Vab — 224 + 222, (24)

where we chose a(x) = 1 for this case. The first requirement (17) is satisfied because
this is a scalar example. The second requirement (18) is numerically determined and
it is satisfied for 0 < x < 0.74066. Because this is a scalar case, both a(z) and Z—Z are
immages of \/W/Q So the image conditions are satisfied. Figure 1 shows how the

state approaches zero exponentially using the optimal control (24). The initial states

were chosen as 0.7,0.4, and 0.1.
Now, we consider two dimensional case.

Example 2.2 Consider the following second order nonlinear system.

I —x3 + 9 0
= + u(t), (25)
-TZ i) 1
0 0
with l(z) = 2'Qx, Q = , and the control weighting matriz, R = 4/3. Using
01

Egs. (14) and (15), we have

0 3/4 0 4/3

and



where a(x) = [a1(x)  aq(x)] is the arbitrary unit vector. Here we chose a; = 0 and

az = 1. Then using Eqs. (16) and (22), we find

v _
O (1 + —cm(x)) -

l\DE‘
o

and

v (1 L)

It is straightforward to verify the first requirement, Eq. (17). Also the second require-

ment is found to be
0 0
4 V2 -

0 g + QTCLQ(ZL‘)

, OV
" Ox

The third image requirement is also satisfied by direct calculations: a(x) = [0 1]

N/ B 0 0
8

constant. So both a(x) and a7 are images of H. Figure 2 is the phase portrait
x

, the image of H is [0 «] where v is a artibrary

of the system for various initial values of x1 and x5. In plotting Figure 2, we used
a1(x) =0 and ay(z) = 1. As a comparison, Figure 3 shows the phase portrait of the

same system using the pointwise min-norm controller.

Now, we consider an example with a nonquadratic cost function.

Example 2.3 Consider the second order nonlinear system given in Fxample 2.2,

14



with I(z) = exp (2’Qx). Then we obtain

0

p(x) = \/—
3 /4
7@2(37) gl’% + exp .flfg

where a(z) = [a1(x) az(x)] is the arbitrary unit vector. Here we chose a; = 0 and

as = 1. Then using Eq. (16) and (22) we find

. '
dr | 8 43 4
v 372 + Tfag(m) gxg + exp x5
and
3 /4
ut = —x9 — ag(a:)g gx% + exp 75.

We note that the three requirements can be shown to be satisfied by performing similar
derivations as in Example 2.2. Figure 4 is the phase portrait of the system for various
initial values of xy and xo. In plotting Figure 4, we used ai(x) = 0 and as(x) = 1.

We note that the portrait is different from the quadratic cost Example 2.2.

2.1 Interpretation via Control Lyapunov Function

In this section, we discuss the stability and robustness characteristics of the derived
optimal controller. In particular, we determine the conditions for a stabilizing state-
feedback controller and we show that the control law has a robust gain margin that
is similar to the Kalman gain margin.

If the control problem is to find a feedback control law, k(x) such that the closed

15



loop system

& = f(z, k() (26)
is asymptotically stable at the equilibrium point = = 0, then we can choose a function
V(z) as a Lyapunov function, and find k(x) to guarantee that for all € IR" such

that

ov (z)'
oxr

(9(x) + B(x)k(z)) < =W (x). (27)
A system for which an appropriate choice of V' (z) and W (z) exists is said to possess
a control Lyapunov function (clf). Following [10] we define the control Lyapunov
function, V' (z), of system (26) to be smooth, positive definite, and radially unbounded
if
inf {g—‘;f(x, u)} <0, (28)
for all x not equal to zero.

In order to relate the clf inequality to the HJ equation of the optimal control, we

introduce the following lemma by Curtis and Beard with a slight modification [4].
Lemma 2.2 If S = S' > 0 then the set of solutions to the quadratic inequality

(SC+dC+¢<0 (29)
where ¢ € R"™ is nonempty if and only if

1
Zd’S*ld —c>0 (30)

1 /1
¢ = —55*101 + 5712y Z01/5*101 —c (31)

16
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where v € B(R™) = {¢ e R" : ||C|| < 1}.

Proof. See [4], and modify the inequalities.

Now, we state the theorem that gives all stabilizing controller.

Theorem 2.2 For the system (1), with the cost function (2), we assume that V
satisfies the HJ equation (3). We also assume that V (x) s C?, positive definite, and
radially unbounded function. Moreover, we assume W (x) = l(z)+ k' (x)R(z)k(z). All

state-feedback stabilizing controllers for the assumed form of W are given by

ol v, \/1av’ L0V OV
k= 2R B@x+R v 43xBR B@x 9% (32)
of and only if
1oV’ ov ov
—— BR'B— —¢— —1>0.
4 Ox R oz 7 ox 20 (33)

Proof. From (27), we obtain the control Lyapunov function inequality as

ov' ,
Then we let ( = k,S = R,d = B’a@—v, and ¢ = g,c;_V + [ and use Lemma 2.2 on Eq.
s T
(34), to obtain all the stabilizing controller. O

Remark 2.6 Following [4], we can also show that k(x) in Eq. (32) is inversely

optimal for some R(x) and I(z).

Here we discuss the robustness property of the optimal controller. We follow the

definition of the stability margin given in [4]: an asymptotically stabilizing control

17



law, u = k(x), has stability margins (m;, my) where —1 < m; < my < o0, if for every

a € (my,my),u = (1 + a)k(x), also asymptotically stabilizes the system.

Theorem 2.3 For the system (1), with the cost function (2), we assume that V
satisfies the HJ equation (3). If k(x) is a stabilizing control of (32) and

aa—‘; B(z)R™Y?(z)v(z) <0

then it has the stability margin of (—1/2,00).

Proof. We closely follow the proof given for the robust satisficing control in [4,

Theorem 14]. From (27), we obtain the control Lyapunov function inequality as

ov'’
— Bk) < —1 — K'RE.
%@+ ) <
oV’ ) )
Add a% BE to both sides to obtain

ov'’ ov'’ ov'’

g+ (l+a)—Bk<—1-F ~_ Bk

a:Eg+( +a)ax k< -l kRk+aax k (35)

Non-positiveness of the right hand side guarantees asymptotic stability. Eq. (32) is

rewritten as

10V ~1/2
k= 2R B@x+R Vo,

1 /
where 0 = \/_8_V BR_IB’a—V — g’a—v — [. Substituting this &k into Eq. (35), and
4 Ox Ox Oz

after some algebraic manipulation we obtain,

ov' 1.1 ov' ov ov'
K % Bk = —l-o%'v—=(=+a)o BR'B'S 4 (1+a)= BRYyo.
l kRk—l—oaax k l—o“v'v 2(2+a) 5 R 8:1:+( —|—oz)ax R0

The first and second term on the right side of the equality are nonpositive. The third
term on the right side are nonpositive if « € (—1/2,00), The last term on the right

18



/!
side are nonpositive if a € (—1/2,00) and e B(z)R™Y*(x)v(z) < 0 because o is
T

nonnegative. O

3 State Dependent Riccati Equation

Another recently developed method to solve nonlinear deterministic optimal control
problem is State Dependent Riccati Equation (SDRE) method. This is a heuristic
method that gives good results in practice but there is no rigorous theoretical jus-
tifications. For example, in SDRE method, the conditions that guarantee a stable
closed loop system are not known. Here we will derive the SDRE for a value function
in order to relate it to our method. In SDRE we assume a special form for the cost
function, and use Kronecker products. Then we find the partial differential equations
from the necessary conditions of optimality. Here we will assume a “quadratic-like”
form for the cost function to obtain a state dependent Riccati equation. We note
that Eq. (36) is in “quadratic-like” form instead of the quadratic form because V is

a function of z.

Theorem 3.1 For the system (1), with the cost function (2), we assume that V
satisfies the HJ equation (3). We also assume that l(z) = 2'Qx and V(z) is a twice

continuously differentiable, symmetric, and nonnegative definite matrix,
V(z) = 2'V(x)r. (36)

For the nonlinear system given by (1) with g(x) = A(x)z, the optimal controller that

19



minimizes the cost function (2) with l(x) = 2'Q(x)x, is given by

K (z) = —%R_l(x)B’(x)a‘g;x) _ —%R‘l(x)B’ <2V(x)x FLod) x) . 37)

Provided that the following conditions are satisfied:

0= A'(z)V(z) + V(2)A(z) + Q(x) — V(z)B(x)R™(z) B (z)V(z), (38)

R=Y(z)B'(z)(I, ® x’)ag(j) = /R (x)B'(z) [mgijx) ®:1:/] =0, (39)
and
Alz) (I, ® x')mgf) = 0. (40)

Proof. Suppressing arguments for simplicity, we obtain the following HJ equation
using Egs. (3) and (4)

0 = /A — — - (3_V> BRlB/aa—v + 7' Qu. (41)
x

This is a necessary partial differential equation for the optimal control problem. Be-
cause V' (z) is assumed to be symmetric and nonnegative definite matrix, we have

ov OV
= V(@) + ([, @« )%x, (42)

where ® is the Kronecker product. Substitute the above equations into Equation (41)

to obtain

0 = 2/Qr—2VBR 'B'Vx

ol 1 cov )%
1Al 1Al /av
+2' A2V + 2’ A [([n@)x)a—x] (43)
i

20



Rewriting the above equation, we get

0 = 2/(Q-VBR'BV+24V)x

/ 1 /
o [_a_v (Lo« YBRBY — 107 (L ® 0)BRB/(I, & ') 9 + A(I, © )

Ox 4 0x
Thus, we obtain the three conditions in Eqs. (38), (39), and (40). And the optimal

controller is given by Eq. (37). O

Remark 3.1 Note that for the special case when A(x) and B(z) are in the phase-
variable form of the state equation, the condition (39) is satisfied. Furthermore, both

%
aZ’Z‘

conditions (39) and (40) are satisfied if

=0 fori=1,---,n.

Example 3.1 Consider Example 2.2 in Section 2. Just rewriting the system equation

we have

[ii'l —.CE% 1 T 0
- + k. (45)
1.'2 0 1 i) 1

Substituting the same QQ and R matrices as in Example 2.2, and using Eq. (38) we

obtain,
0 0
Y =
0 4= 2V/7
3

And from Eq. (37) the optimal controller is determined to be

This 1s the same controller as Section 2, Fxample 2.2. Because V is a constant in

this example, the state dependent Riccati equation (38) was the only requirement.

21
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4 Deterministic Risk-Sensitive Control

It is well known that in linear quadratic case the solutions of the linear quadratic
regulator problem is equivalent when the cost function is exponential of the cost
function—the risk-sensitve case. Here we show that a similar conclusion can be drawn
for the affine-control nonlinear system.

The deterministic risk-sensitive control problem for a nonlinear system is consid-
ered in this section. The Hamilton-Jacobi (HJ) equations and the optimal controller
for the risk-sensitive cost function problem is derived in this section. The risk-sensitive
cost function is exponential of the traditional cost function. Consider a system dif-

ferential equation
dz(t) = A(z(t))z(t) dt + B(x(t))k(z(t)) dt, (46)

where z(t) € R" is the state, k(z(t)) = u(t) takes values in U

The cost function is given by

A

(I)(I(t)v k) = exp(—@J(x(t), k))? (47)
where

T, 1) = [ @ )Q(r))alr) + K (wlr) Ra(r)k(a(r)dr

to

The minimal control law k* satisfies

O(z, k") = ¢*(z) < O(z, k).
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Theorem 4.1 For the system (46), with the cost function (47), we assume that the

solution of the risk-sensitive control problem is of the form
O*(z) = exp(—02'S(x)x). (48)

Also assume ®* is twice continuously differentiable. For the system (46), the optimal

control law that minimizes the cost function (47) is given by

0S(x) .

k() = —%R_l(a:)B’(a:) 25(a)a + (1@ a) 2

(49)
if the following conditions are satisfied:

S(z)A(z) + A'(2)S(x) — S(z)B(z)R ' (2)B'(2)S(x) + Q(z) = 0, (50)

0S(x)

RV (z)B'(2)(I, ® ') o 0 (51)
and
Al(x) (I, ® x/)agif:) =0. (52)

Proof. We obtain the differential of process ®(z(t), k) as

dd(x(t), k) = dw(t)’%(j)’k).

Substituting (46), we obtain
iwe0.0) = {1, w0

We can also expand o using a Taylor series to obtain (suppressing the arguments of

k)
AD = Ax/a(i)(gg:)’ k) + %(Ax)’iaﬁ)(gg)’ k)Ax + o(At)
_ 020K Ny oag (53)



Now let the controller be defined as

E(x(r)) to<r<ty+ At
Fa (a(r)) = (54)
E*(x(r)) to+ At <r < tp;

then the expected value of the cost is given by

to+AL
O(x, k1) = exp <—«9 Lds) exp (—0
to

tp

L(z*(s), k*(x(s)))ds)

to+At

to+At ~
= exp <—«9 Lds) Q™ (x(to + At))

to

to+At N ~
= exp <—¢9 Lds) [D*(x(to)) + AD* ((tp))],

to

where L = L(z(s), k(2(s))), 2* is the solution of (46) when k = k*, and Ad* (x(ty)) =

* (2(to + At)) — ®*(2(ty)). By definition,

Substituting for ®(z, k), we get

to+At

to

d*(2) < exp (-9 Lds) [ (2(t)) + AD* ((t))]

_ <1 + <_9 ot Lds> + O(At)> (D" (2(to)) + AD* (x(ty))]

to
to+At

= *(x) + AD*(x(ty)) + <—9 Lds) O (2(to))

to

; <_e e Lds) AB* (1 (t0)) + o(At).

to

Use the mean value theorem, use (53), divide by At, and let At — 0 so that

A

0P*(x, k)

0< [l k(z)) ="

—OL(x, k(x))®*(x), (55)
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which gives the HJ equation

0 = igf{ f(a, k(@)’% —0L(, k:(x))@*(x)}. (56)
Taking partial derivative of Eq. (48) we obtain,
%x,k:) = exp(—02'S(x)x) (—295(:5)1’ —0(I, ® x) &g(x)x) :
x x

Substituting into (56) and suppressing the arguments, we obtain

0 = irlgf[(Ax + Bk) exp(—02'Sx) (—295(:5)1’ —0(I, ® 2) 8?(;:) x)

—0(a'Qx + K Rk)®"]. (57)

Now take the derivative with respect to k(x), to obtain Eq. (49), where S(x) is

found by a Riccati equation. To find that Riccati equation, substitute (48) and (49)

into (57). After a little algebraic manipulation, we obtain
! Al / ! Al / aS

0 = xASac+a:Qx+xA([n®$)a—x
x

0S(x)
ox

- [ZS(x)x + (I, ® 2') x] BR'B'Sx

_% l25(x)x + (I, ® ') 82(;’) x] | BR™'B/(I, @) agf:) x
1 £0S(x) 1 105 ()
-1 [25(x)x+([n®a:) 5 x} BR™B [ZS(x)x—l-(In@x) 5 x}

This can be rewritten as

0 = 2/A'Sz+2'Qr —2'SBR™'B'Sx — [(In®x’)g—sx] BR'B'Sx
T
1 N 08T , 95
-1 [(In@)x)%x} BR'B [(In@)x)axa:} +2'A [(In®a:)axa:1 . (58)

Collect the quadratic terms of z gives the conditions (50), (51), and (52). O
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Remark 4.1 Fquation (51), is equivalent to

VRIB'(I, ® x/)ag(;) =VR 1B l—agf) ® x/] =0,

which is equivalent to Eq. (39) in SDRE formulation.

Remark 4.2 Comparing Theorem 4.1 to Theorem 3.1, we note that the risk-sensitive
optimal controller is equivalent to the optimal controller using SDRE method for the
deterministic nonlinear system. This is analogous to the linear system case, where
linear quadratic requlator problem gives the same controller as the risk-sensitive con-

troller.

Example 4.1 Consider Example 2.2 in Section 2 with the EOI cost function (47).

Substituting the same @@ and R matrices as in Example 2.2, and using Eq. (50) we

obtain,
0 0
S =
0 4= 24/7
3

And from Eq. (49) the optimal controller is determined to be

This is the same controller as Section 2, Example 2.2. Because S(x) is a constant in

this example, other requirements (51) and (52) were satisfied.
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5 Conclusions

For a affine-control nonlinear system with nonquadratic cost function, we pre-
sented a method to determine an optimal controller. We view the HJ equation as
an algebraic equation and solve for the gradient of the value function. Then this
gradient of the value function is used to obtain the optimal controller. Furthermore,
we investigated the robustness and stability properties of the optimal controller by
relating the value function to the control Lyapunov function. We showed that the
optimal controller is a stabilizing controller with good stability margins. Moreover,
we investigated two other nonlinear deterministic optimal control methods; state de-
pendent Riccati equation (SDRE) and risk-sensitive controls. First, we derived the
optimal controller through SDRE. Second, we derived an optimal controller when
the cost function is the exponential of the quadratic cost function which is the de-
terministic risk-sensitive control problem. We conclude that SDRE method gives an
equivalent optimal control as the risk-sensitive controller for a deterministic nonlinear
system. This will not be the case for stochastic systems. Simple examples illustrate

the developed optimal controller determination procedures.
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Figure 1: The state, x, as a function of time, ¢.
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Figure 2: The phase portrait of Example 2.2 using an optimal controller
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Figure 3: The phase portrait of Example 2.2 using a min-norm controller
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Figure 4: The phase portrait of Example 2.3 with nonquadratic cost using an optimal
controller
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