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Abstract 

A fast and convenient alignment method is proposed in this paper.  To improve the speed of 

convergence, we used rotation vectors instead of traditional Euler angles.  Furthermore, we 

developed an algorithm to automatically tune the measurement noise covariance matrix using 

adaptive Kalman filtering.  Finally, the developed algorithms were applied to an aerial 

imaging system to automatically geo-locate the centers of the images. 
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I.  Introduction 

This paper uses the rotation vector for the fine alignment dynamics of the inertial navigation 

system (INS), which is composed of the inertial measurement unit (IMU), inertial navigation 

equation mechanization, and alignment algorithm.  Generally, the accuracy of the initial 

alignment depends on the IMU’s performance.  In the case of a relatively low-cost tactical 

grade IMU, tilt angles can be estimated accurately from the leveling procedure using 

accelerometer outputs.  However, it takes a long time to estimate the azimuth angle in the 

gyro-compassing procedure [1-3].  Moreover, the filter convergence characteristic is related 

to the coupling between the estimated states and the reference measurements.  Thus, our 

main interest will be in increasing the coupling between the reference measurements and the 

estimated states.  In this research, the rotation vector was used to increase the coupling 

between the measurements and estimated states, and consequently improve the filter 

convergence speed. 

The rotation vector has been studied by several researchers [19-23].  Rotation vector 

transforms the ( , , )x y z  coordinate system to the ( )', ', 'x y z  coordinate system by rotating 

about a vector,
T

x y zρ ρ ρ ρ⎡= ⎣ ⎤⎦ , in the amount specified by the magnitude of ρ , as 

shown in Figure 1.  The right hand rule decides the positive rotation direction.  Because the 

rotation vector expresses the kinematics of the body coordinate frame, the rotation vector can 

be used instead of the Euler angles to express the attitude transformation. 
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Figure 1.  Rotation vector. 

After Bortz [19] derived the relationship between the rotation vector and directional 

cosine matrix (DCM) in 1971, a number of other researchers derived similar kinematic 

equations using various different approaches [20, 22].  It has been known that the rotation 

vector can be used to improve the attitude accuracy of the navigation system [21].  Recently, 

the rotation vector was used for the tightly coupled GPS/INS integration, but not for the 

alignment [18].  The references [19-22] focus on the theoretical derivation and references 

[18, 23] show the practical application. 

In a typical alignment method, Euler angles are used to integrate the attitude 

transformation matrix of the body frame with respect to a reference frame [1-6, 8-14].  In 

the Euler angle based method, the measurement sensitivity matrix depends on the observer’s 

latitude, and the fixed earth rotation rates limit the coupling amount.  However, in the new 

method, because there is a tight coupling between the estimated states and the reference 

measurements, the azimuth angle is estimated much faster than the Euler angle based method.  
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Note that the measurement sensitivity matrix does not depend on the observer’s latitude 

because the rotation vector based method estimates the gyroscope output directly and this 

output is used as the measurements. 

Here, a comment is in order for another alignment method, which uses quaternions for 

the initial attitude estimation.  Quaternion formulations are commonly used in INS 

mechanizations, but not in attitude error representations.  Moreover, as noted in reference [4, 

p. 87], quaternion based alignment algorithm requires more time than the Euler angle based 

alignment method.  Thus, we do not compare this method with the rotation vector based 

method. 

Another important issue in the alignment is tuning the measurement noise covariance 

matrix.  It is difficult to manually tune the measurement noise density with the time varying 

noises such as the navigation frame disturbance.  Thus, in this paper, we propose to use the 

adaptive Kalman filtering method to automatically estimate the measurement noise 

covariance matrix.  To automatically tune both process and measurement noise covariance 

matrices, we needed the relationship between the process noise and measurement noise, but 

determining this relationship was difficult for our system.  So the process noise was tuned 

manually. 

The adaptive Kalman filter has been available for more than three decades since 

Magil designed weighting functions for the conditional estimates in 1965 [24].  After 
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Magil’s work, various researchers have designed multiple model adaptive estimators 

(MMAE).  The MMAE is composed of a bank of Kalman filters [25].  The bank of 

Kalman filters has the elemental Kalman filters for each system model.  So, MMAE is a 

costly algorithm to implement in terms of amount of computation time [25-27].  Another 

use of adaptive Kalman filter is in the self-tuning estimation algorithm.  Maybeck 

investigated this class of algorithm in his book [38]. 

In real world applications, many researchers have used adaptive Kalman filter for the 

stochastic dynamic systems [4, 28-37].  Their applications vary from the image processing 

to the satellite navigation.  In the navigation applications, Wang and Dai used the adaptive 

Kalman filter method to resolve the GPS dual phase ambiguity [30-31].  Wira and Urban 

designed the 3-dimensional visual servo systems using adaptive Kalman filter [32-33].  

Dakshayani and Ananthasayanam designed the adaptive Kalman filter for the satellite orbit 

determination using fading memory method [34].  Sasiadek and Wang designed the fuzzy 

logic adaptive controller (FLAC) to prevent the Kalman filter from diverging [37].  Here, 

we use the adaptive estimation method introduced in [38], and apply it to the IMU alignment 

problem. 

The University of North Dakota is working on the Airborne Environmental Research 

Observational Camera (AEROCam) project, which takes multi-spectral digital images of the 

fields for precision farming.  As a part of the project, we are using DGPS/INS integration to 
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automatically determine the geo-location of the aerial image centers.  Fast and convenient 

alignment algorithm development is a part of this DGPS/INS integration.  Consequently, we 

will apply our algorithm to the AEROCam system and perform alignment using the rotation 

vector and adaptive Kalman filter. 

This paper is organized as follows.  The nonlinear dynamic model using rotation 

vector for the alignment is presented in Section II.  The measurement dynamics based on the 

Euler angles is briefly reviewed in Section III.  In Section IV, the adaptive Kalman filter for 

the initial alignment is designed.  In Section V, the simulations are performed to verify the 

superiority of the rotation vector method and in Section VI, we will show the field test results.  

The conclusions are given in Section VII. 

 

II.  New State Dynamic Model for Alignment 

In this section, the nonlinear state dynamic model using the rotation vector is presented for 

the fine alignment algorithm of INS.  In the rotation vector based alignment dynamics, the 

gyroscope outputs are directly measured and estimated due to the feedback structure of the 

rotation vector.  The feedback structure means that the gyroscope output in the body frame 

is approximated from the previous rotation vector.  This characteristic gives the tight 

coupling between the estimated attitude errors and reference measurements.  Due to this 

coupling, the heading angle is estimated much faster than the Euler angle based alignment 
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method.  The zero velocity information of the IMU on the navigation coordinate frame is 

used for the reference measurement.  Thus, velocity and rotation vector components are 

used as system states in the nonlinear dynamics model, while the position and sensor noises 

are ignored.  The velocity and rotation vector are also used as the measurements.  Here, we 

use the numerical Jacobian method.   

This section is organized as follows.  The nonlinear system dynamic models are 

given in Eq. (1) and Eq. (6) for velocity and angle predictions.  The nonlinear measurement 

dynamics are given in Eq. (8) and Eq. (9) for velocity and angular rate models, respectively. 

A. Velocity Dynamics Model 

References [5, p. 199] express velocity dynamics in the North-East-Down (NED) 

coordinate frame.  By transforming into East-North-Up (ENU) coordinate frame, the 

velocity dynamics are expressed as 

1
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Φ
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⎡ ⎤ ⎢ ⎥⎛ ⎞⎢ ⎥ ⎢ ⎥= − + − −⎜ ⎟⎢ ⎥ ⎢ ⎥+ +⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦
⎢ ⎥+ + +⎢ ⎥+ +⎢ ⎥⎣ ⎦

g w+ ,  (1) 

where g  is the earth gravity force including the gravity anomaly components,  is the 

altitude, 

h

RΦ is the earth transverse radius , and Rλ  is the earth meridional radius. λ  is the 

known initial latitude of the IMU, and ieω  is the earth rotation rate.  ( ), ,E N Uv v v  is the  

velocity in the ENU coordinate frame.  The velocity dynamic model noise 1w , which is 
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assumed as Gaussian white noise, includes the earth radius model error, gravity anomaly 

model error, initial position error, and uncompensated constant bias noises.  The acceleration 

in the ENU coordinate frame, nf , is calculated by 

 
E

n e a b
N b

U

f
af f C A f b

f

⎡ ⎤
⎢ ⎥ ⎡ ⎤≡ = −⎣ ⎦⎢ ⎥
⎢ ⎥⎣ ⎦

,                      (2)  

where  is the attitude transformation matrix from the body frame to the ENU coordinate 

frame, 

e
bC

bf  is the accelerometer output in the body frame, and ab  is the accelerometer bias 

noise.  The scale factor ( ) and misalignment (1,2,3|a
ii iSF = , 1,2,3, and |a

jk j k j kMA = ≠ ) matrix of the 

accelerometers is expressed by 

11 12 13

3 3 21 22 23

31 32 33

a a a

a a a

a a a

SF MA MA

A MA SF M

MA MA SF
×

⎡ ⎤
aA

⎡ ⎤
⎢ ⎥⎢ ⎥

= Ι −⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦

. 

The scale factor and misalignment values are given from the IMU specification.  Notice that 

the bias noise, ab , is composed of three different noise components, which are constant bias, 

turn-on bias and random walk noise.  The constant bias noise is given from the data sheet.  

But the turn-on bias has to be calibrated, and the random walk noise has to be estimated.  

The turn-on bias is calibrated every time IMU is turned on.  In this paper, the accelerometer 

on the Z-axis is calibrated based on the tilt angle from the coarse alignment.  This will be 

shown in Section VI.  We ignore the random walk noise because the random walk noise is 

relatively small when we estimate the attitude errors relatively fast using the rotation vector.  
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The rotation vector with respect to the ENU coordinate frame is related to the attitude 

transformation matrix of Eq. (2) from [18, p. 348] by 

3 3 2

1 cos( ) sin( )
cos( )e T

bC
ρ ρ

ρ ρ ρ
ρρ

×

⎛
ρ

⎞−⎜ ⎡ ⎤ ⎟= Ι + ⋅ + ⊗⎣ ⎦⎟⎜ ⎠⎝

,             (3) 

where the rotation vector is [ T
E N Uρ ρ ρ ρ≡ ]  and the skew symmetric matrix of the 

rotation vector is 
0

0
0

U N

U

N E

ρ ρ

Eρ ρ ρ
ρ ρ

−⎡ ⎤
⎢⎡ ⎤⊗ = −⎣ ⎦ ⎢
⎢ ⎥−⎣ ⎦

⎥
⎥ .  The magnitude of the rotation vector is 

calculated from 

( )1/ 2Tρ ρ ρ= ⋅ .                          (4) 

 

B. Attitude Dynamics Model 

Various forms for the attitude kinematics of the rotation vector have been introduced 

in the literature [18-23].  One of these forms is given by 

2
3 3 T

sin1 1I 1
2 2(1 cos )

bρ ρ
ρ ρ ρ

ρ ρ ρ× ω
⎧ ⎫⎛ ⎞⋅⎪ ⎪⎡ ⎤ ⎡ ⎤⎜ ⎟= + ⊗ + − ⊗⎨ ⎬⎣ ⎦ ⎣ ⎦⎜ ⎟⋅ −⎪ ⎪⎝ ⎠⎩ ⎭

,           (5) 

where bω  is the angular rate in the body frame.  However, this form does not include the 

earth rotation rate, and velocity related angular rates.  When the earth rotation rate, Coriolis 

force effect, and centrifugal acceleration are considered, the kinematics equation, Eq. (5), of 

the rotation vector can be expressed in an alternative forms, which is somewhat nonstandard, 

as [18, p. 356]: 
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b
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∂
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e
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∂
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, 

and 1ρ
ρ

ρ
= .  The dynamics model error 2w , which is also assumed as Gaussian white 

noise, includes the earth radius model error and uncompensated gyroscope noises.  The 

transformed rotation rate ( eω ) from the IMU body frame to the ENU coordinate frame 

includes earth rotation rate ( enu
eω ), centrifugal acceleration ( aω ) and Coriolis effect ( cω ).  

Using [18, p. 260] for enu
eω  and cω  with 

T
tan( )0 0a Ev

R h
λω

Φ

⎡ ⎤
= ⎢ ⎥+⎣ ⎦

, we obtain 

0 0
cos( ) 0
sin( ) tan( )

0

N

e enu a c E
e ie

ie E

v
R h
v

R h
v

R h

λ

ω ω ω ω ω λ
ω λ λ Φ

Φ

⎡ ⎤−⎡ ⎤ ⎢ ⎥+⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎢ ⎥ ⎢ ⎥⎢ ⎥= + + = + +⎢ ⎥ ⎢ ⎥⎢ ⎥ +⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥ ⎢ ⎥
⎢ + ⎥⎣ ⎦ ⎢ ⎥

⎣ ⎦

.          (7) 

Compensating the gyroscope bias noises ( gb ), gyroscope scale factor ( ) and 

gyroscope misalignment ( ), the angular rate in the body frame is 

expressed as 

1,2,3|g
ii iSF =

, 1,2,3, and |g
jk j k j kMA = ≠

( )b g b gA bω ω= − , and 
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11 12 13
g
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31 32 33

M

g g g

g g

g g g
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× ×

g gMA
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⎢ ⎥⎢ ⎥

⎡ ⎤= Ι − = Ι −⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦

. 

The scale factor, the misalignment, and the constant bias noise are given from the gyroscope 

specification data.  However, the turn-on bias noise should be calibrated every time 

gyroscope is turned on.  The gyroscopes are calibrated based on DGPS heading angle.  

Thus, the bias noise, gb , is estimated as the sum of the constant bias and estimated turn-on 

bias noise.  Random walk noise is ignored.  Section VI explains this calibration method. 

 

C. Measurement Model 

The velocity and angular rate are used as reference measurements.  The 

measurement model for the velocity is easily designed as 

1

1 0 0
0 1 0
0 0 1

E E

N

U U

v v
v
v v

Nv ν
⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥= +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

,                      (8) 

where measurement model error 1ν  represents the Gaussian white noise of the 

accelerometer output.  The real measurements of the velocity are all zero because the IMU 

is in the stationary state.  The measurement dynamic model for the rotation rate in the body 

frame is derived from Eq. (6).  This is given from [18, p. 261] as 
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⎢ ⎥⎢ ⎥
+⎢ ⎥⎢ ⎥

+⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦

+⎥ ,              (9) 

where 2ν  represents the gyroscope measurement white noises.  In reference [18], the 

derivative of the rotation vector with respect to the time, ρ , in Eq. (9) is estimated as system 

states by differentiating Eq. (6) one more time.  In Eqs. (7) and (9), the earth rotation rate, 

Coriolis effect, and the earth centrifugal acceleration have been compensated, thus ρ  

corresponds to the rotation of the IMU in the body frame.  For the stationary case, ρ  is 

assumed to be zero for the alignment purposes. 

 

III.  Euler Angle Based Measurement Model 

In this section, we review the traditional alignment method based on the Euler angles to 

compare it with our method.  The state dynamics are well established; see [1-5, 8-14, 39] for 

example.  On the other hand, the measurement model is system dependent and it is not as 

well established as the state dynamic model.  Thus, we will present the derivation of the 

measurement model for the Euler angle-based alignment in this section. 

Accelerometer measurements and gyroscope measurement are used for the 

measurement residuals of Kalman filter.  The error of the calculated acceleration, nfδ , in 

the navigation frame is 
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0

D E
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D N b

E N

df C f f
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ε ε

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − − + +⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− ⎣ ⎦⎣ ⎦

,               (10) 

where  is the coordinate transformation from the body frame to the NED frame; n
bC bfδ  is 

accelerometer measurement uncertainties; and df  is the navigation frame disturbance noise.  

The skew symmetric matrix of (εN, εE, εD) represents the error of the attitude transformation 

matrix. 

The error of the calculated angular rate in the navigation frame is 

n ned
e

nδω ω ω= −                                   (11)    

0
0

0

D E N
n b

D N E b

E N D

C
ε ε ω

ε ε ω δω
ε ε ω

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − +⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− ⎣ ⎦⎣ ⎦

dw+           (12)            

where bδω  is gyro measurement uncertainties; nω  is gyro measurement in NED frame; 

[ T   ned
e N Eω ω ω ω= ]D  is earth rotation rate in NED frame; and dw  is the navigation frame 

disturbance noise.  Note that the sensor measurement uncertainties ( bfδ  and bδω ) and 

disturbance errors ( df  and dw ) are estimated by an adaptive Kalman filter as explained in 

Section IV.  In the Euler angle based method, the system state vector consists of velocity 

errors [ Tn
N E Dv v v vδ δ δ δ= ]  in the navigation frame and attitude errors 

[ T
N E Dε ε ε ε= ] .  The measurement model is given as 

 13



1 0 0 0 0
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E E
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v v
v v

δ δ
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⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥= +
⎢ ⎥⎢ ⎥ ⎢ ⎥−⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

,              (13) 

where ν is the measurement model error vector, and it is assumed as Gaussian white noise.  

The actual measurements are accelerometer outputs, gyroscope outputs, zero velocity, and 

earth rotation rates with respect to the NED frame. 

For the adaptive Kalman filter, we find the actual velocity error measurement of Eq. 

(10) by calculating the velocity error on the NED frame from the actual measurements.  

First we estimate the IMU velocity, [ Tn
N E Dv v v v= ] , on the NED frame as 

( ) ( )1( ) ( )n n n
k k b k k

v v t C f−= + Δ × b ,                    (14) 

where bf  is the accelerometer output in the body frame, and the discrete time notation, k, is 

used because IMU outputs the data with tΔ  interval.  Because the down direction is not 

considered in Eq. (13), we do not have to consider the gravity force.  Eq. (14) shows that the 

current velocity depends on the previous velocity and current acceleration.  Then we can 

determine the measured velocity error as 

( ) 0 ( ) ( )n n
k kv vδ = − = − n

kv ,                      (15) 

where 0  is the zero velocity vector in the navigation frame and ( )n
kv  is from Eq. (14). 

Next, the measured angular rate errors, [ Tn
N E Dδω δω δω δω= ] , in the NED frame are 

derived from Eq. (12) as 
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( ) ( ) ( )n ned n b
e bk k

Cδω ω ω= −
k

,                      (16) 

where bω  is the gyroscope output in the body frame.  Finally, ( )n
k

vδ  and ( )n
k

δω  

are used as actual measurements in the Kalman filter. 

 

IV.  Adaptive Kalman Filter Design 

It is expected that the navigation frame disturbances have high frequency noises, and their 

amplitude and spectral density may be time varying and not known accurately [4-5].  Thus, 

it is difficult to find the accurate noise density without the precise knowledge of the model 

and noise characteristics.  Therefore, we have applied the adaptive Kalman filtering method 

to tune the measurement noise covariance automatically. 

For the rotation vector-based alignment, the discrete linearized Kalman filter 

equations are used.  The overall design procedures of the linearized Kalman filter are given 

in [6, p. 169].  The nonlinear nominal trajectory model is given as  

( )NOM NOM
1 , 1k kx f x k−= − , 

where { }NOM
1kx −  is the sequence referring to the nominal trajectory obtained when the random 

variates assume their expected values [6, p. 162].  In our system, Eqs. (1) and (6) are the 

nonlinear system dynamic models.  The nonlinear measurement models, ( , )k kz h x k kν= + , 

are given in Eqs. (8) and (9).  Note that even though Eqs. (1), (6), (8), and (9) are in 

continuous time, for the computer simulations, they are calculated in discrete dynamics.  To 
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implement the adaptive Kalman filter algorithm in the simulations, we change the continuous 

time Eqs. (1), (6), (8), and (9) to discrete time.  The linear perturbation, which is defined as 

, is estimated as state in the Kalman filter.  If the estimated perturbation is 

denoted as 

NOMx x xδ ≡ −

x̂δ , then the prediction of the linear perturbation is given as 

1 1ˆ ˆ( ) ( )k k kx xδ δ− −− = Φ + , 

where  is the a priori estimate of ˆ ( )kx − kx  and 1ˆ ( )kx − +  is the a posteriori value of the 

previous estimate.  The state prediction matrix, 1k−Φ , is calculated from the first order 

approximation by  

( )
NOM

1

1
, 1

k

k
x x

f x k
x

−

−
=

∂ −
Φ ≈

∂
. 

In the linearized Kalman filter for the rotation vector-based alignment, the actual 

measurements are zero velocity from Eq. (8) and the gyroscope output in the body frame 

from Eq. (9).  If the actual measurements are denoted by 
Tn n

kz vδ δω⎡ ⎤= ⎣ ⎦ , the 

measurement residuals, , are defined as kr

                     (17) NOM ˆ( ) H (k k k k k kr h x z xδ= − − ),−

where the measurement sensitivity matrix is approximated by 
NOM

( , )H
k

k
x x

h x k
x =

∂
≈

∂
.  Now, 

by using Eq. (17) and the computed a priori covariance matrix [6, p.169]  

1 1 1P ( ) P ( ) QT
k k k k 1k− − −− = Φ + Φ + − , 

where  is the process noise covariance and 1Qk− 1P ( )k− +  is a posteriori covariance matrix, 

 16



then the measurement noise covariance is estimated from [38, p. 122] as 

{ T

N 1

1 H P ( )H
k

T
k i i i i

i k
R rr

N = − +

= −∑ }i−

N

,                  (18) 

where  is the number of samples. 

A better conditioned estimate is given in [38, p. 123] for Eq. (18) as 

{
}

T
NOM NOM

N 1

1 ˆ ˆ( ) H ( ) ( ) H ( )

                        H P ( )H .

k

k i i i i i i i i i
i k

T
i i i

R h x z x h x z x
N

δ δ
= − +

⎡ ⎤ ⎡ ⎤= − − + − −⎣ ⎦ ⎣ ⎦

+ +

∑ i +

)

   (19) 

However, as pointed out in [38, p. 123], ˆH (k kxδ +  and P ( )k +  are not calculated in 

the estimation algorithm.  Thus, we estimate ˆ ( )kxδ +  and P ( )k +  with the known 

closest values which are the previous step values,  1ˆ ( )kxδ − +  and 1P ( )k− + , in Eq. (19).  

Consequently, we obtain 

{
}

TNOM NOM
1 1

N 1

1

1 ˆ ˆ( ) H ( ) ( ) H ( )

                        H P ( )H .

k

k i i i i i i i i i i
i k

T
i i i

R h x z x h x z x
N

δ δ− −
= − +

−

⎡ ⎤ ⎡ ⎤= − − + − −⎣ ⎦ ⎣ ⎦

+ +

∑ +
 (20) 

Now, we compare the relative coupling in the measurement sensitivity matrices 

between the rotation vector-based method and the Euler angle-based method.  From Eq. 

(13), the attitude components of the measurement sensitivity matrix of the Euler angle-based 

alignment method are 

0 0
H 0

0 0

D
Euler

D N

N

ω
ω

ω
ω

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥⎣ ⎦

.    (21) 

So, when the alignment is performed at the latitude of 47.9 degrees, the earth rotation rates 
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are calculated as , and -5 o7.29 10 sin(47.9 )Dω = × × -5= 5.41 10  (rad/s)×

Nω = -5 o7.29 10 cos(47.9 )× ×  , respectively.  After the Kalman filter 

converged, in our method the attitude components of the measurement sensitivity matrix are 

numerically calculated from Eq. (9) as 

-5= 4.89 10× (rad/s)

-6 -5 -5

-5 -6 -6

-5 -5 -5

6.79 10 (rad/s) 2.69 10 (rad/s) 3.3 10 (rad/s)

H -5.68 10 (rad/s) 2.06 10 (rad/s) 9.24 10 (rad/s)

4.02 10 (rad/s) 1.61 10 (rad/s) 1.557 10 (rad/s)

Rotation

⎡ ⎤× × ×
⎢ ⎥

= × × ×⎢ ⎥
⎢ ⎥

× × ×⎢ ⎥⎣ ⎦

.   (22) 

Therefore, we know that matrix HRotation  gives the tighter coupling than matrix HEuler of Eq. 

(21).  That is, five elements of HEuler  in Eq. (21) are zeros while all elements of  HRotation  

in Eq. (22) have values, which provide tighter cross-coupling between bω  and ρ .  The 

magnitudes of elements of HRotation  in Eq. (22) are comparable to the magnitudes of Dω  

and Nω , however in the early stage of Kalman filter the magnitudes of HRotation  are much 

larger than the magnitudes given in Eq. (22).  In other words, HRotation  in Eq. (22) 

represents the sensitivity matrix after the Kalman filter converged.  Moreover, the 

measurement sensitivity matrix of the Euler angle based method depends on the latitude 

because the earth rotation rate vector at the measurement position is used.  On the contrary, 

the measurement sensitivity matrix of the rotation vector based method does not depend on 

the latitude.  Thus, the measurement sensitivity matrix designed from the rotation vector has 

the following two advantages: HRotation  does not depend on the observer’s latitude and 

HRotation  has the tighter coupling than HEuler . 
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Figure 2 shows the overall alignment procedure of the rotation vector based method.  

The coarse alignment angles in Figure 2 are generated by Euler angles [1, 5].  Thus, the 

Euler angles of the coarse alignment have to be transformed into rotation vector.  When the 

attitude transformation matrix is given as  from the coarse alignment, the rotation vector 

is determined by 

e
bC

32 13 21,  ,  
sin sin sinE N Ua a
ρ ρ

ρ ρ ρ
ρ ρ

= = = a
ρ

ρ
,              (23) 

where 

( ), 1,2,3
1|
2

e b
ij i j b eA a C=≡ = −C , and 

-1 2 2 2
32 13 21

1
tan

2

e
btr C

a a aρ
⎛ ⎞⎡ ⎤ −⎣ ⎦⎜ ⎟= + +
⎜ ⎟
⎝ ⎠

. 

Note that .  Attitude and velocity are propagated by 4( )b e
e bC C= T th order Runge-Kutta 

method.  Zero velocity and gyroscope output are used as the measurements in adaptive 

Kalman filter.  Figure 2 also shows that the attitude and velocity are propagated after the 

attitude and velocity errors are estimated. 

Adaptive Kalman Filter

attitude error/
velocity error

zero velocity Coarse Alignment
Known position

attitude/velocity
correction

attitude/velocity
propagation

IMU

angular rates
accelerations

angular rates
accelerations

estimated initial attitude

propagated attitude/velocity

 

Figure 2.  Rotation vector based fine alignment block diagram. 
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V. Simulations 

We developed an IMU model for the simulation purposes.  In our IMU model, it was 

assumed that the constant bias noise components were compensated.  Then, the bias noises 

were modeled by first-order Gauss-Markov process, which used the autocorrelation time 

constant.  The autocorrelation time constant used in the simulation was 7000 seconds, 

because the autocorrelation time constant of the tactical grade IMU used in the field test was 

7000 seconds.  The same random walk noise standard deviation values as the IMU 

specification data sheet were used in the simulation.  The following equations show the 

simulated bias noises of the IMU for accelerometer and gyroscope, respectively. 

21 2  (a a a
a

a
b b uσ β

τ
= − + )t , and 21 2  (g g g

g
g

b b σ β
τ

= − + )u t  

where ab  and gb  are the bias noise vectors of accelerometers and gyroscopes; aτ  and 

gτ  are the autocorrelation time constants; aσ  and gσ  are the random walk noise standard 

deviations, whose values are given as 50aσ = μ-g/sqrt(Hz) and 0.02gσ = deg/sqrt(Hz); 

aβ  and gβ  are the reciprocal time constants; and  is the zero-mean white noise with 

the covariance of one.   

( )u t

If the true tilt angles are given as the roll angle (φ ) and the pitch angle (θ ), then the 

accelerometer outputs are modeled as follows: 
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sin( )
cos( )sin( )
cos( )cos( )

b nf g
θ

θ φ
θ φ

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

 

where ng  is the gravity force vector in the reference navigation frame.  Then, by 

considering the bias noise and measurement noise, the accelerometer measurements are 

modeled as 

0.01
0.01 ( )
0.1

b b af f b u t
⎡ ⎤
⎢ ⎥= + + ⎢ ⎥
⎢ ⎥⎣ ⎦

.                      (24) 

When the true heading angle (ϕ ) and latitude (λ ) are known, the true gyroscope outputs are 

given as 

cos cos( )
cos cos( 90 )

sin

ie
b

ie

ie

ω λ ϕ
ω ω λ ϕ

ω λ

⎡ ⎤
⎢ ⎥= + °⎢ ⎥
⎢ ⎥−⎣ ⎦

, 

where ieω  is the earth rotation rate.  Then, the gyroscope measurements are modeled as 

6

6

6

3.4 10

3.6 10 ( )

5.4 10

b b gbω ω

−

−

−

⎡ ⎤×
⎢ ⎥

= + + ×⎢ ⎥
⎢ ⎥×⎢ ⎥⎣ ⎦

u t .                    (25) 

Initially, 5 degrees of azimuth error and 0.5 degrees of tilt error are assumed.  As 

commented earlier, the measurement noise covariance was estimated automatically from the 

adaptive Kalman filter.  The process noise covariance is given in Table 1, which is also used 

in the field test.  We determined this process noise covariance experimentally. 
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Table 1.  The standard deviation of the process noise. 

Position covariance Attitude covariance 

East velocity (m/s) -52.5 10×  East rotation vector (radian) -84.4 10×  

North velocity (m/s) -52.5 10×  North rotation vector (radian) -84.4 10×  

Up velocity (m/s) -53.3 10×  Up rotation vector (radian) -84.4 10×  

 

Figure 3 shows the estimated azimuth angles and real azimuth angle.  The azimuth 

angle estimated by the rotation vector method follows the true value more closely than the 

Euler angle based method.  The figure shows that the estimated azimuth angle using Euler 

angle-based method (dashed line) undershoots about 14 degrees before converging to the true 

value of  degrees.  It also shows that the estimated azimuth angle using the rotation 

vector method (solid line) overshoots about 2 degrees, and it rapidly converges to the true 

value.  In the rotation vector based-method, it takes about 3 seconds to converge to within 

 degree of the true value, while in the case of the Euler angle based-method, it takes about 

13 seconds to converge within  degree of the true value.   

45−

1±

1±
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Figure 3. The true reference azimuth angle and estimated azimuth angles. 

 

Figure 4 shows that the estimated measurement noise densities are close to the 

simulated true values.  From Eq. (24), the simulated gyroscope X-axis, Y-axis, and Z-axis 

noise values (in figure, dash-dot lines) are , 63.40 10  (rad/s)−× 63.60 10−× (rad/s) , and 

, respectively.  The average estimated measurement noise values (in figure, 

solid lines) between 15 seconds and 50 seconds are 

65.40 10−× (rad/s)

63.50 10−× (rad/s) , , 

and .  Thus, we verify that the designed adaptive Kalman filter estimates 

the measurement noise covariance with maximum of 2.9 percent error.   

63.64 10−× (rad/s)

65.44 10−× (rad/s)
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Figure 4. The estimated measurement noise covariance from the rotation vector based method. 

 

Figure 5 shows the angle error covariance.  To compare the rotation vector-based 

angle error covariance with the Euler angle-based error covariance, the sum of the East, 

North, and Up rotation vector error covariances and the sum of the roll, pitch, and yaw angle 

error covariances are used.  The Euler angle based method reaches 0.2 degrees angle error in 

about 15 seconds, while the rotation vector based method reaches in about 2 seconds.  

Figure 5 shows that the error covariance from the rotation vector based method is smaller by 

63% than the Euler angle based method at 50 seconds. Because smaller error covariance 

values mean better performance, we note that the rotation vector based method is better than 
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the Euler angle based method.  This means that the states are estimated more accurately 

using the rotation vectors than Euler angles. 
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Figure 5.  The angle error covariances from the simulation. 

 

VI. Field Test 

The final objective of the field test was to automatically geo-locate the aerial images.  The 

initial alignment field test was one of the necessary steps to take before geo-locating the 

aerial images.   The test was performed on October 1, 2003 in Grand Forks, North Dakota.  

Figure 6 shows the airborne cameras and IMU, which was installed on the University of 

North Dakota Piper airplane.  For the geo-location of the airborne images, the loosely 

coupled DGPS/INS integration software and geo-location software were developed and used.  
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The overall accuracy of the DGPS/INS integration and geo-location of the airborne images 

depended on the initial accuracy of the IMU attitude.  This initial attitude is determined 

from the initial fine alignment.  So, the accuracy of the geo-location of the airborne images 

was directly related to the initial alignment accuracy.   

In the initial alignment, the main difficulty was in determining the initial coarse 

heading angle for the IMU calibration.  To get the accurate heading angle from DGPS, the 

vehicle X-axis and IMU X-axis was pointed in the same direction on the North-East plane of 

the NED coordinate frame.  And the IMU was located directly below the DGPS antenna 

vertically.  Also, to obtain accurate initial alignment, we moved the airplane in a straight line 

before taking off as shown in Figure 7. 

 

 

Figure 6. Three airborne cameras (black boxes on the left) and an inertial measurement unit 
(light colored cylinder on the right). 

      Initially we assumed 7 degrees heading error and the vehicle moved in a straight line 
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for at least 10 seconds.  This initial 7 degrees heading error includes the installation error, 

DGPS information error, and tilt angle related coupling error.  As hardware equipment, the 

NovAtel’s OEM4 GPS receiver and Inertial Science Inc.’s tactical grade DMARS-I-N IMU 

were used.  Table 2 shows the specification of DMARS-I-N, which includes three pendulous 

linear accelerometers (PLA) and two dynamically tuned gyroscopes (DTG).  In Table 2, 

“bias” noise represents the constant bias, and “in-run bias” represents the turn-on bias, which 

should be compensated by the calibration procedure.  

Table 2. DMARS-I-N performance specifications. 

Accelerometers Gyroscopes 

Bias ( gμ ) 1000 Bias (Deg/hr) 5 

In-run bias ( gμ ) < 500 In-run bias (Deg/hr) < 1.0 

Scale factor (Ppm) 300 Scale factor (Ppm) 300 

Misalignment (μ -rads) 300 Misalignment (μ -rads) 300 

Random noise( gμ /sqrt(Hz))  50 Random noise (Deg/sqrt(hr)) 0.02 

       Figure 7 shows pictures of the airplane when the initial heading angle determination 

was performed.  Before the airplane took-off, the airplane followed a straight line to get the 

accurate heading information from the DGPS receiver.  The initial heading angle from the 

DGPS was used as the initial azimuth angle of the IMU and airborne cameras.  This was 

also used for the turn-on bias calibration. 
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Figure 7.  The initial reference heading angle determination. 

 

A. IMU Calibration 

After determining the reference-heading angle, the IMU calibration was performed.  

First, the Z-axis turn-on bias of accelerometer was estimated based on the coarse alignment 

values as 

2 2cos( )b
az z c cb f g φ θ= − + ,                      (26) 

where b
zf  is the averaged Z-axis accelerometer output; g is the local gravity force in 

downward direction; and cφ  and cθ  are the tilt angles from the leveling test.  Note that 

the leveling test was performed before the field test and the accuracy of the tilt angles was 

less than  degrees as represented in our previous work [39].  Second, the turn-on 

biases of the gyroscopes are estimated by assuming that the vehicle surface is placed on the 

true horizontal plane.  By simple geometric relationships as shown in Figure 8, X-axis turn-

on bias is estimated as  

0.06−
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( )DGPScos( )cosb
gx x ieb ω ω λ ϕ= −                   (27)  

where bω  is averaged gyroscope outputs, and DGPSϕ  is the heading information from the 

DGPS output.  Then the turn-on bias on the gyroscope Y-axis is calculated by using the 

heading information as 

DGPScos( )sin( )b
gy y ieb ω ω λ ϕ= + ,                  (28) 

and the turn-on bias on the gyroscope Z-axis is calculated as 

sin( )b
gz z ieb ω ω= + λ .                       (29)        

λ

DGPSϕ

IMU X-axis

IMU Y-axisIMU Z-axis

ieω

North pole

True North direction

 

Figure 8.  Geometric configuration for the gyroscope calibration. 

 

B. Field Test Results 

After compensating the calibrated bias noises, the initial alignment was performed. 

Figure 9 shows the angle error covariances of the rotation vector-based alignment and Euler 

angle-based alignment.  Figure 9 shows that 2 degrees angle error covariance was estimated 
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within 170 seconds from the rotation vector based method (dashed line), while 2 degrees 

angle error covariance was estimated within 340 seconds from the Euler angle-based method 

(solid line).  As noted in the simulations, the field test also shows that the states are 

estimated more accurately using the rotation vectors than Euler angles. 
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Figure 9.  Estimated angle error covariance from the field test. 

 

Figure 10 shows the estimated angle errors of two methods: Euler angle and rotation 

vector.  The figure also shows that there is about 2.2 degrees angle error in Euler angle-

based method, while there is about –1 degrees angle error in the rotation vector based 

method until 250 seconds.  After 250 seconds, the angle error of the rotation vector method 
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is improved to –0.2 degrees, however, the angle error of Euler angle method did not improve.  

The fast convergence characteristic of the rotation vector-based method is clearly 

demonstrated.  We also note that there is angle error variation of 5 degrees before settling 

down for the rotation vector-based method, while there is 3 degrees angle error variation for 

the Euler angle-based method.  This result shows that the large angle error was 

compensated quickly in the rotation vector-based method.  Thus, we conclude that the 

rotation vector based method has much faster convergence characteristics than Euler angle 

based method.  Faster convergence speed is directly related to shorter time necessary to 

perform alignment, which is an issue because the alignment must be performed before each 

operation and the pilots have to wait during the alignment procedure is completed.  These 

results agree with the simulation results. 
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Figure 10.  Angle errors from the field test. 
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C. Verification from the Geo-location of the Aerial Images 

Finally, the geo-locations of the aerial images taken by airborne cameras were 

calculated using the initial attitude information of the rotation vector-based alignment.  

Figure 11 shows a sample aerial image taken by the airborne camera.  We assumed that the 

camera’s line of sight direction and IMU Z-axis are pointed in the same direction.  Then the 

position of the center of image shown in Figure 11 and the geo-located result from the geo-

location software and DGPS/INS integration should be same.  Note that because the 

DGPS/INS integration is performed on the basis of the developed initial alignment, the initial 

alignment accuracy is transferred to the geo-location accuracy directly.  Thus, we can use 

the position of the center of aerial images for checking the alignment accuracy.  Here, we 

also need reference information for the comparison.  The reference position information of 

the center of image was calculated by a commercial software package called digital 

orthophoto quadrangle (DOQ).   From the comparison of the geo-located center of image 

position with the center position calculated using DOQ, we found that there are 70 meters 

difference in latitude and 98 meters difference in longitude.  These errors are not absolute 

errors, but they are relative errors with respect to a commercial software package DOQ.  

These errors are due to line-of-sight misalignment, GPS receiver, the Earth model, time 

synchronization, etc.  Note that without ground fine alignment, but only with coarse 

alignment, we had 400 meters to 600 meters difference in both latitude and longitude.  So, it 
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is clear that the fine alignment improved the accuracy of the geo-locations of the aerial 

images.  Also these errors seem large compared to some commercially available package 

such as Applanix Corporation’s POS/AV (Position and Orientation System for Airborne 

Vehicles) which gives a single digit accuracy for position, however, they use higher grade 

IMU and the alignment error between the camera and the INS is not included. 

 

 

Figure 11.  An aerial image taken by an airborne camera. 

 

VII.  Conclusions 

In this paper, we compared the rotation vector-based alignment method with the 

existing Euler angle-based alignment method.  From the simulations and a field test, we 
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found out that the rotation vector-based method has faster convergence characteristics than 

Euler angle-based method.  Moreover, in this paper, the adaptive Kalman filter was used for 

the automatic measurement noise covariance determination.  From the simulation test, we 

verified the designed adaptive filter estimates the true noise covariance values with less than 

2.9 percent error.  Faster convergence characteristics and automatic tuning capability give us 

the operational convenience of the alignment software in addition to the short alignment time.  

Furthermore, we checked the alignment accuracy using airborne images.  By comparing the 

calculated center of aerial images with the calculated position using a commercial software 

package, DOQ, we verified that the DGPS/INS integration using the rotation vector based 

alignment method provides relative error of much less than 100 meters.  In summary, from 

the fact that the simulation results are satisfactory and the field test results are acceptable for 

our aerial imaging system, we conclude that the rotation vector improves the convergence 

speed in alignment process, and the adaptive Kalman filter allows automatic measurement 

noise covariance tuning capability. 
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