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Abstract

The risk-sensitive optimal stochastic control problem has an interpretation in terms
of managing the value of linear combinations of the cumulants of a traditional performance
index. The coefficients in these linear combinations are fixed, explicit functions of the risk
parameter. This paper demonstrates the possibility of controlling linear combinations of
index cumulants with broader opportunities to choose the coefficients. In view of the con-
siderable interest given to cumulants in the theories of signal processing, detection, and
estimation over the last decade, such an interpretation offers the possibility of new insights
into the broad modern convergence of the concepts of robust control in general. Considered
in detail are the foundations for a full-state-feedback solution to the problem of controlling
the second cumulant of a cost function, given modest constraints on the first camulant. The
formulation is carried out for a class of nonlinear stochastic differential equations, associ-
ated with an appropriate class of non-quadratic performance indices. A Hamilton-Jacobi
framework is adopted; and the defining equations for solving the linear, quadratic case are
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determined. The method is then applied to a situation in which a building is to be protected
from earthquakes. Densities of the cost function are computed, so as to give insight into the
question of how the first and second cumulants affect a cost considered as a random variable.



1 Introduction

Relationships among different areas of robust control, such as H, optimal control, game
theory, and risk-sensitive (RS) stochastic control have been the subject of recent research.
See, for example, references [10] and [19]. Because they represent differing paradigms for
thinking about the topic, and because these varying paradigms may fit one application area
better than another, the overall investigative effort will certainly profit from such studies.
By way of illustration, Figure 1 gives a partial overview of some of the connections between
the different areas of robust control. The purpose of the present paper is not to develop these
interrelationships, per se, but rather to point out the rather natural possibility of expanding

the notions involved with the RS body of thought.
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Figure 1: Relations Between Various Robust Controls

Consider an RS cost function [30], Jrs = —%log (E {exp (—gJ)}), where @ is a real

parameter and J is given by

Tt 00,8 = [ (Lo, 2(6), Ko, as))) s+ 0a(t)), (1)



where L : [tg,trp] x R" x R™ — R* and ¢ : R" — IR*. Here we proceed intuitively, regard-
ing x(t) as a suitable random process, and k(¢,z(t)) as a suitable feedback control mapping
defined upon it. The moment generating function, or the first characteristic function of .J, is
$1(s) = E {exp(—sJ)}, and the cumulant generating function, or second characteristic func-

tion, follows by ¢5(s) = log ¢1(s). Suppose, for ease of conversation, that we may assume the

existence of the cumulants associated with .J. Then we have that ¢o(s) = Y%, (_ii)iﬂi(J)si,

in which (;(J) is the ith cumulant, sometimes also called semi-invariant, of J. We remark

that, if not all the cumulants exist, a truncated version, with remainder, can be written. It

Ins = (-2) {i S (g)} . ®)

Approximating to the second order,

follows that

Jrs = Bi(J) — 252(‘]) + O(0?)

= E{J} - §VAR{J} +0(6?). (3)

For small #, then, we see that the RS optimization problem leads to the well understood task
of optimizing the mean value E{J} of J. If # is not quite that small, then the next term
to come into play involves VAR{J}. In this situation we have in essence a weighted linear
combination of E{J} and VAR{.J}, which are in fact the first two cumulants of J. One
can then address the optimization of the second cumulant VAR{.J}, under the restriction
that the first cumulant F{J} exists. We call this the minimal cost variance (MCV) control
problem.

Therefore, in accordance with the number of cumulants which exist, RS problems as-
sociate naturally with a linear combination of cost cumulants. The particular coefficients
which appear in the linear combination are of course fixed. Our purpose in this paper is to

show that linear combinations of cumulants can be addressed directly, in their own right,



without such restrictions on coefficients. We believe that this is quite in tune with the
original motivations of the risk-sensitive idea; and so we regard the present investigation as
part of the broad notion of RS technique, though it suggests perhaps a broadening of the
class of problems which have been studied thus far. This way of proceeding might be given
the name cost cumulant control. Linear Quadratic Gaussian (LQG) control, MCV control,
and RS control certainly can be grouped into this paradigm. Investigating such a notion is
clearly the work of multiple persons over extended time. For the present instance, we focus
on the MCV problem.

Minimal cost variance (MCV) control was first examined for the open-loop situation
by Sain in a dissertation [20] at the University of Illinois in 1965. Certain of those ideas
appeared in journal form in 1966 [21]. In 1971, Sain and Liberty published an open loop
result on minimizing the performance variance while keeping the performance mean to a
prespecified value [23]. In that paper, new mathematical representations were obtained, and
for the first time analytical procedures were used to produce and display the cost densities
associated with such control laws, as well as their effects upon the state and control variables
of the system. Liberty continued to study characteristic functions of integral quadratic forms,
further developing the MCV control idea. Some years later, with Hartwig, he published the
results of generating cumulants in the time domain [16]. In 1992, Sain, Won, and Spencer
showed that MCV control is related to RS control[24]. Cumulant control can also be viewed
as a cost distribution shaping method. See [25, page 358| for the RS case. In classical
LQG control, only one cumulant is controlled, but in MCV control there are two cumulants,
namely the mean and the variance, of the cost function that we can control. Thus, one has
extra design freedom to shape the cost distribution. This point is demonstrated in Section
7 of the sequel.

It is interesting to compare the time line of MCV, cost cumulants, and related topics,



with that of RS optimization. Risk-sensitive optimal control seems to have started with
Jacobson in 1973. In the 1970s Jacobson extended LQG results by replacing the quadratic
criterion with the exponential of a quadratic cost functional, and related linear-exponential-
quadratic-Gaussian (LEQG) control to differential games [12]. Many years later, Whittle
noted Jacobson’s results as an instance of RS control [31]. Speyer et al. [25] extended
Jacobson’s results to the noisy linear measurements case in discrete time. In [25], optimal
control becomes a linear function of the smoothed history of the state, and the solutions
are acquired by defining an enlarged state space composed of the entire state history. This
enlarged state vector grows at every new stage but retains the feature of being a discrete
linear system with additive white Gaussian noise. They also briefly discuss the continuous
time terminal LEQG problem, and the solutions are achieved by taking a formal limit of
the discrete case solutions. In 1976, Speyer considered the noisy measurement case again in
continuous time, but with zero state weighting in the cost function [26]. Unlike the previous
work [25], the Hamilton-Jacobi-Bellman equation was used to produce the solutions. Kumar
and van Schuppen derived the general solution of the partially observed exponential-of-
integral (EOI) problem in continuous time with zero plant noise in 1981 [15]. Whittle
then published his results for the general solution of the partially observed logarithmic-
exponential-of-integral (LEOI) problem in discrete time [29]. Four years later, Bensoussan
and van Schuppen reported the solution to the general case of a continuous time partially
observed stochastic EOI problem using a different method from Whittle [2]. In 1988, Glover
and Doyle related H,, and minimum entropy criteria to the infinite horizon version of LEOI
theory in discrete time, thus establishing a relationship between RS control and H,, optimal
control [10]. This result was extended to continuous time by Glover [11]. In 1990, Whittle
published the risk-sensitive maximum principle in book form [30], and published a journal

article about the risk-sensitive maximum principle for the case of partially observed states



using large deviation theory [31]. A year later, Bensoussan published a book with all solutions
(including the partially observed case) of the exponential-of-integral problem [3]. Basar and
Bernhard noted the relationship between deterministic dynamic games and H,, optimal
control in their book [1]. In 1992, James states that the RS optimal control problem with
full-state-feedback information is equivalent to a stochastic differential game problem [13].
Fleming and McEneaney independently pointed out similar results in [8]. More recently, in
1994, James, et al. published RS control and dynamic games solutions for partially observed
discrete-time nonlinear systems [14]. Finally, Runolfsson presented the relationship between
RS control and stochastic differential games in the infinite-horizon case using large deviation
ideas [19]. The reader should have no difficulty with further following of this line of work,
as it remains active today in the major journals and conferences.

Viewed, therefore, in the cumulant control sense, we see that the literature on RS control
actually extends backward further from the work of Jacobson in 1973. This extension is on
the order of a decade. On the other hand, it seems that these observations may serve to
broaden the scope of RS investigations in the future. We intend this paper as a contribution
toward that effort.

In Section 2, preliminaries needed to formulate the MCV control problem are given.
Then in Section 3, MCV control is defined. A Hamilton-Jacobi-Bellman (HJB) equation
and associated verification theorem are derived in Section 4, and the solution structure for
MCV control is found using that HJB equation in Section 5. Section 6 contains computer
simulations of a representative civil structure being controlled by MCV methods, under
seismic disturbances. Then in Section 7 various density and distribution graphs of the cost

function for a simple MCV control example are given.



2 Preliminaries
This paper considers the Ito-sense stochastic differential equation (SDE)
dz(t) = f(t,z(t))dt + o(t, z(t))dw(t), t € T,x(to) = xo (4)

where T' = [ty, tr], x(t) € R" is the state, zy is a random variable which is independent of
w, and w(t) is a Brownian, not necessarily standard, motion of dimension d defined on a
probability space (2, F, P). The above SDE is interpreted in terms of the stochastic integral
equation,

t

z(t) = x(to) + /t: f(s,z(s))ds+ | o(s,z(s))dw(s), (5)

to

where the second integral is of the Ito type and where equality is w.p.1. In the sequel, IR" is
equipped with an inner product (-, -) : R" xIR" — R with the usual action (a,b) = I | a;;.
This then yields a norm in the customary manner |x|? = (z, z) . The following conditions are
sufficient for existence and uniqueness of z(t). See [7, page 118]. Let Qo = (o, tr) x R", and
let Qp = T x IR™ denote the closure of Q. Assume that f: Qy — R™ and 0 : Qy — R" x R?
are Borel measurable mappings [28, page 50]. Suppose further that there exists a positive
constant C' such that, for all (t,x) € Qq, |f(t,z)] < C(1+|z|) and |o(t,z)| < C(1+ |z]). For
any bounded B C R" and ) < t; < tp assume that there exists a constant K, which may
depend upon B and ¢y, such that, forallz,y € Band ty <t <ty,|f(t,x)—f(t,y)| < K|x—y]
and |o(t,x) — o(t,y)| < K|r — y|. Then [7, page 118] if E{|xz(ty)[*} < oo, the solution of
(5) exists and is unique. Furthermore, if E{|xz(t)|™} < co,m = 1,2,---, then E|z(t)|™ is
bounded for m = 1,2, ---, and ty, < t < tp. Moreover, the process is a Markov diffusion
process; and transition functions become available [7, page 123].

Now consider the SDE with control,

dz(t) = f(t,x(t),u(t))dt + o(t,x(t))dw(t), t €T, x(ty) = xo, (6)



when u(t) € U is the control action. Let p and ¢ be natural numbers. Suppose that D C R

and that h : D — IR% Assume f : Qo x U — R" is C'(Qy x U), and o : Qy — R"™*% is

_ t t
C'(Qy). Furthermore assume |f(£,0,0)| < ¢, |o(t,0)] < ¢, w + ‘w < ¢,
x u
do(t,x)|  _ ~ ~ _
and |———=| < ¢ for (t,z,u) € Qo x U, (t,z) € Qy, and constants ¢ and ¢.

Xz

In order to control the performance of (6), a memoryless feedback control law is introduced
in the manner u(t) = k(t,z(t)),t € T, where k is a nonrandom function with random

arguments. Then (6) can be written as
dr(t) = fH(t,x(t))dt + o(t, z(t))dw(t), t €T, x(ty) = x0, (7)

where f¥(t,x) denotes f(t,z,k(t,z)). This is in a form similar to (4).

Now we admit only bounded, Borel measurable feedback control laws, k(t,z) : Qo — U
which satisfy a local Lipschitz condition. Thus, for any bounded B C R" and ¢ty < t; < tp
there exists a constant ¢;, which may depend upon B and t;, such that, for all z,y € B
and tg <t < t1,|k(t,x) — k(t,y)| < ¢1]x — y|. Moreover, we require that k(¢,x) satisfy the
linear growth condition |k(t,2)| < cy(1 + |z|),V(¢,7) € Qo, for a constant c,. A feedback
control law k£ which satisfies both of these conditions is called admissible. Then the previous
existence result of (4) is applicable, and a unique solution process z(t) of (7) exists [7, page
156].

Now let P(t,z; s, B; k) be the transition function for (6), which is defined as

A

P(t,z;s, B; k) = Plz(s) € Blz(t) = z;u(a) = k(a,z(a)),t <a < s] VBe B(R") (8)
where tg < t < s, and B(IR") denotes the Borel o-algebra, namely the least o-algebra

containing all open subsets of IR" [9, page 126]. Let p(t, z, s, y; k) be the probability density

corresponding to (8) so that ]5(75, z; s, By k) = [gp(t,z,s,y; k) dy, VB € B(IR"). This density
Op(t,x;s,y; k)

satisfies the backward Fokker-Planck (or Kolmogorov) equation [7, 18, 33] — 5



O(k)[p(t,z;s,y; k)], s> t, where O(k) is the backward evolution operator given by

0 = g1 + {0k, 57 )+ gor (st (001015 o)
in which
<f(t,a:,k), %> = ;fi(t,x, k)ai 2 oW (k)
L (a(t, a:)W(t)a’(t,x)—Z) - %i]ﬁ:l(a(t,x)W(t)a’(t, )iy 3@‘?;:6] 2 0©

(10)

In (9), tr denotes the trace operator. The derivative operators are defined so that the i-th
element in the n-tuple (0/0x) is (0/0z;), which we shall choose to regard as column vectors,
and the ij-th element in the n X n matrix operator (0?/dz?) is (0?/0z;0x;). The matrix
W (t) characterizes w(t) in the manner E{dw(t)dw'(t)} = W (t)dt where the independent in-
crements dw(t) are assumed to be zero-mean Gaussian random variables, and the superscript
(") denotes transposition.

For all (t,x) € Qq, a real valued function ®(¢,2) on T' x IR™ satisfies a polynomial growth
condition, if there exist constants k; and ks, such that |®(¢, z)| < ki(1 + |z|*?). Let C*?(Qy)
denote the space of ®(¢,z) such that ® and the partial derivatives ®;, ®,,, @y, for i,j =
1,---,n are continuous on Q. Also let C}*(Q,) denote the space of ®(t,z) € C"*(Qo) such
that ®, &y, @, ®ypyy; for 4,5 =1, -, n satisfy a polynomial growth condition. Assumptions
®(t,z) € Cp*(Qo), k admissible, and E{|xz(s)|™|x(t) = =} bounded for m = 1,2, and
t < s < tr ensure existence of the terms in the right member of the Dynkin formula (see [9,

pages 128,135,161]),

B(t,7) = E { /ttF —O(R)D(s, 2(s)) ds + Dt 2(tr)

o(t) = x} . (11)
In the sequel, we shorten this expectation notation to E},. In order to assess the performance

10



of (6), consider the cost function (1)

J(t,z(t), k) = /ttF {L(s,x(s), k(s,z(s)))|ds + ¢ (z(tr)). (12)

Assume that L and ¢ satisfy the polynomial growth conditions |L(t,z,u)| < ¢z (1 + |z| +
lu), V(t,z,u) € Qo X U, |th(x)] < ez (14 |x])4, Vo € R”, for constants c3 and ¢4. Fleming
and Rishel show that a process z(t) from (6), having an admissible controller k, with the
assumptions above, is such that Ej,{J(t,z(t),k)} is finite [7, page 157]. Lastly, for real
symmetric matrices A and B, we denote A > B if A — B is positive semidefinite, and A > B

if A — B is positive definite.

3 Minimal Cost Variance Control Problem

This section deals with the definition of the minimal cost variance (MCV) control prob-
lem in the completely observed, or full-state-feedback, case. MCV control is a type of
cumulant control where we minimize the variance of the cost function while keeping the
mean of the cost function at a specified level.

The class of admissible control laws, and comparison of control laws within the class,
is defined in terms of the first and second moments of the cost. Introduce the notation
Vi(t,z; k) = E{J(t,z(t), k)} and Va(t, x; k) = B {J?(t, z(t), k) }.

Definition 1: A function M : Qo — R*, which is C*%(Qy), is an admissible mean cost
function if there exists an admissible control law k such that Vi (t,z;k) = M(t,x) fort € T
and z € R".

Remark: One can of course think of generating a plethora of admissible mean cost functions.
All that is necessary, in principle, is to choose a stabilizing admissible control law and then
to evaluate the mean cost. In practice, there is the task of representing this mean cost,

on the one hand, the task of computing it on the other, and the background question of

11



existence. In the present paper, the approach taken is to solve the mean-cost constraint
equation for all possible solutions, and then to use the remaining design freedom to achieve
a minimization of the cost variance. For the explicit situations discussed in the sequel, this
leads to a simultaneous solution for both admissible mean costs and cost variances. This, of
course, is in the general spirit of multiplier methods; and a type of multiplier function does
appear in our later applications.
Definition 2: Every admissible M defines a class K, of control laws k corresponding to
M in the manner that k& € K, if and only if £ is an admissible control law which satisfies
Definition 1.

It is now possible to define an MCV control law &7,
Definition 3: Let M be an admissible mean cost function, and let K, be its induced class
of admissible control laws. An MCV control law ki), satisfies Va(t, 2 kv 5p) = Vo' (¢, 2) <
Vo(t, z; k), for t € T, x € R", whenever k € K,;. The corresponding minimal cost variance
is given by V*(t,x) = Vi (t,x) — M?(t,x) fort € T, z € R".

An MCV control problem, therefore, is quite general in its scope. It presupposes that a
cost mean M, not necessarily minimal, has been specified; and it seeks a control law which

minimizes the variance of the cost, about M.

4 Hamilton-Jacobi-Bellman Equation for V*

To solve the MCV control problem, we derive a Hamilton-Jacobi-Bellman (HJB) equa-
tion, under the assumption that a sufficiently smooth solution exists. A full-state-feedback
MCV control law is constructed in the following section, using this HJB equation, for a large

class of problems. We first present a number of preliminary results.

Lemma 4.1 Assume that M € C}?*(Qq) is an admissible mean cost function, and let k €

12



K be a control law corresponding to M. Then O(k) [M(t, z)]+L(t,z, k(t,z)) =0 fort € T,

x € R", where M(tp,z) = 1)(x).

Proof: See [21] or [33, page 117]. O

Consider an open set () C Q.

Lemma 4.2 (Verification Lemma). Let M € C)*(Q) N C(Q) be a solution to the partial

differential equation
O(k)[M(t, z)] + L(t, z, k(t, ) =0, V(i,2) € Q, (13)

with the boundary condition M (tp,x) = (x). Then M(t,x) = Vi(t,z; k) for every k € Ky,

and (t,x) € Q.

Proof: Because x is a Markov diffusion process, and because M &€ C’I}’Q(Q), we may use the

Dynkin formula (11). From the boundary condition and the Dynkin formula we obtain
M(t.) = B { [ ~O0)M(s,2())) ds + b(a(tr) | (149)
Substitute from (13) for the expression —O(k)[M (s, z(s))] in (14). Then we obtain
M(t,z) = By, {/ttF L(s,2(s), (s, () |ds + olalte)) | =Vilt,sk),  (15)
for each k € Ky and (¢,2) € Q. O
Lemma 4.3 Assume L : Qo xU — R and L € C(Qy x U), together with the linear growth

condition on k, and the polynomial growth condition on L and 1. Let x*(t) be the solution

of (6) when k = ki, Then

/tt—i—At L(s,2(s), k(s, 2(s)))ds [/t L(s, 2" (5), ki ps(5,27(5)))ds + v (a* (tp))

15 uniformly integrable.

13



Proof: By Doob [6, page 629], if (we use L, and L* to abbreviate the longer expressions

above)

t+AL tp
B, / L.ds [ / L*ds + w(x*(tp))}
t t+At

is bounded in ¢ for some o > 1, then the lemma is proved. We have

t+AtL tp
/t Lyds /Hm L*ds + z/)(x*(tp))} — ALL(tF, ot B9 [(te — t — ADL(t, 21, k1) + 9(x,)]

where t + At < t; < tp,x1 = 2*(t1,w), T, = 2*(tp,w), k1 = k*(t1,21), and t < tT <t 4+ At.

Consequently we obtain

AL, ot k) [(tr —t — At)L(ty, 21, k1) + ¢(a,)]] <

|At|L(tT, 2 k)| |[tr —t — At| |L(ty, 21, k1)| + | (24,)] |-
Now we use the polynomial growth conditions on L and 1, to obtain

AL, o kN [(tr — ¢ — At)L(ty, w1, k1) + ¥(@y,)]| <

|AL] c3(1+ a7+ k7)) esltr —t — At] (1+ o] + [EL))™ + es(1+ o).
From the linear growth condition on k,
ALt 2™ kD) [(tr — t — A L(t, 21, k1) + O(24,)]] < [AtHte — t — At)| 5 (14 ||2]])*

where ||z|| is the sup norm on the process segment which is a concatenation of the two

subsegments which interface at ¢ + At. Now we have
ALt 2t k) [(tp — t — At L(ty, 21, k) + (2] ] < e6(1 + [|2]])*,
and thus

Eu| ALt 2™ k) [(tr — t — At L(t, 21, k1) + 0(,)]|* < Ereles(1+ ||2]])]742.

14



It can be shown [9, Appendix D] that Ej,|z[|™ < oo for m = 1,2,---. Take o = 3= > 1.

Then Ep |AtL(tt, xt k) [(tp —t — At)L(t1, x1, k1) + 1(x,.)]|* is bounded, and by Doob [6,

page 629] we have uniform integrability, as desired.

O

Next we derive the HJB equation for the second moment of the cost function, in the

following theorem, which, as we observed early in the section, assumes the existence of an

optimal controller. Then we present the verification theorem which is a sufficient condition

for constructing a minimum.

Theorem 4.1 Let M be an admissible mean cost function and Ky be the corresponding

class of control laws. Assume the existence of an optimal controller k{‘/‘M and an optimum

value function V' € C;’Q(QO). Then ki, and Vy satisfy the partial differential equation

fort e T, x € R", where
O( T/\M)[V;(ta $)] + 2M(tv l‘)L(t, z, kT/|M(t7 $))

= min {O(Kk)[V5 (¢, )] +2M(t,z)L(t,z, k(t,x))},

keEK s

along with the boundary condition Vi (tp,z) = M*(tp,z) = *(z), v € R".

Proof: Define a controller k; € K, by the action,

k(r,z), t<r<t+At
ki(r,z) =

k{‘,lM(r,x), t+ At <r <tp;

then the second moment is given by

Va(t,zy k1) = En{J*t,z(t), k)}
= Etw{[/tt+Athd5+ ! L*ds+w(ff*(tF))] }

t+At

15
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t+At 2 t+At
— B, l / Lsds] +2Et${[ / Lsds]
t t

[ vass vt @]+ B { [ s vt @) |

+At

where L* = L(s,2%(s), ki (s, 2% (s))), 2*(t) is the solution of (6) when k = ki), and
L, = L(s,x(s), k(s,z(s))). By definition V;*(t,z) < Vi(t,x; k). Now we can substitute for

Vo(t, z; k1) and obtain

Vit r) < Eu { Vttw Lsdsr} V28, { Vttw Lsds] [/:At L*ds+z/)(x*(tp))”
+Em{[/ttp L*dsw(:r*(tF))r}-

+At

We can apply the mean value theorem for each sample function. Then

Vi(t,a) < APEG{LA(tT, 2%, k")) + 20 B {L(t", 2", k")

[/:At L*ds + T/)(l'*(tF))] } + B {Vy(t+ At,z(t + At))},

where the last term in the right side uses Chapman-Kolmogorov equation. Because of the

assumptions we have made, we can use the Dynkin formula (11),
t+At
E{Vy(t+ At,x(t + At))} — Vo' (t,x) = Eyp {/ O(k)[Vy (r, x(r))]dr} .
t
Thus, we obtain

Vi(t,r) < (APE{L*(tT, 2" kM) + 2AtE {L(tT, ot k)

/:F L*ds + (2" (tF))]} + By, {/ttw OV (r, x(T))]dr}

+AtL

+V5 (t, 2). (19)
We also have [9, page 164]

lim Ei {L(t*,x*,k*)
At—0

/tJtrFAt Lds + w(w*(tF))} } = M (t,z)L(t,z, k(t,z))

16



because of the uniform integrability condition given in Lemma 4.3, k{}lM € Ky, and the fact
that, as At goes to zero, L(t*, 2", k) approaches L(t, x, k(t, x)) . The third term in the right
member of (19) can be treated in a similar manner, but we omit details for reasons of brevity.
Now divide (19) by At and let At — 0 to get 0 < O(k)[V5' (¢, x)] + 2M (¢, x)L(t, z, k(t, x)).
Equality holds if k(Z, x) = ki, (¢, x) where ki, is an optimal feedback control law. This
concludes the proof. See also [22]. O

The verification theorem for the second moment case is now presented. This verification
theorem states that if there exists a sufficiently smooth solution of the HJB equation, then
it is the optimal cost of control, and using this solution an optimal feedback control law can

be determined.

Theorem 4.2 (Verification Theorem). Let V5 € C1*(Q) N C(Q) be a nonnegative solution

to the partial differential equation
0= min {2M(,2)L(t 2, k(t,2)) + O)V; (1))}, (k) € Q (20)
M
with the boundary condition Vi (tp,x) = ?*(x). Then Vi (t,x) < Va(t, z; k) for every k € Ky
and any (t,x) € Q. If in addition such a k also satisfies the equation
2M(t, x)L(t, x, k(t, ) + O(k)[V5 (¢, 2)] =

min {2M (t, 2)L(t, 2, k(t, ) + O(B)[V5 (£, )]}

ke Ky
for all (t,x) € Q, then V5 (t,x) = Va(t, w1 k) and k = k3, is an optimal control law.
Proof: From (20) for each k € Kj; and (t,z) € Q

OM(t,2)L(t, z, k(t,x)) + O(k)[Vy (£, 2)] > 0. (21)

Because z is a Markov diffusion process, and because V;* € C’I}’Z(Q), we may use the Dynkin

formula (11). From the boundary condition and the Dynkin formula we obtain

Vi(ta) = B { [~ OV (s,2(5))) ds + v (atr) 22)
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Let Ly = L(s,x(s), k(s,z(s))) and L, = L(r,z(r), k(r,z(r))), and substitute from (21) ex-

pression —O(k)[V5 (s, x(s))] in (22). Then we obtain

Vita) < Fu{ [ 2LM(sas)) ds+ 03}
- Em{/ttp 2LSEM{/tF L, dr+1,/)(x(tp))} ds + 1*(x
- Etx{/ttFEsx{2L/ Lydr + 2L, (x (tp))}ds}—i-Em{z/)z(( ))}
- /:F Em{Em{2LS/SFL,dr+2LS¢(x(tF))}} ds+Em{¢2(x(tF))}.

For a justification of interchange of the integral and the expectation in the last equation, see

[6, page 62] and [5, page 65]. Consequently, we have

Vo) < /ttFEm{[%s /stFerr+2st(x(tF))}}ds+Em{w2(a:(tF))}
= s [ ot [t oL avtetaan)] ds+ v Gaten) |
_ Em{ ttF Lsds/ttF L,dr+2/ttF Lo (x(tr)) ds+¢2(:c(tp))}
= s {[[7 s statee)] | = vt

This proves the first part. For the second part, the inequality becomes equality. O
Note that if M is given a priori, then the optimal second moment results in the optimal
variance.

With these results in hand, it is then possible to transfer the results to the cumulant

functions by means of the following pair of theorems, which make use of the notation |a|% =

a'Aa.

Theorem 4.3 Let M € C’I}’Z(QO) be an admissible mean cost function, and let M induce a
non-empty class Ky of admissible control laws. Assume the existence of an optimal control

law k = ki), and an optimum value function V* € C’;’Q(QU).Then the MCV function V*

18



satisfies the HJB equation

2

min O(k)[V*(t,z)] +

kEK

=0, (23)

o(t.)W ()0’ (t,z)

OM(t,x)
ox

for (t,x) € Qo, together with the terminal condition, V*(tp,z) = 0.
Proof: From Definition 3 and (20), it follows that

min {O(k)[V*(t,2) + M3(t,2)] + 2M (t, 2) L(t, z, k(t,2)) } = 0.

keEK

To prove (23), it is necessary and sufficient to establish that

2

OM(t,x)

O(R)IM (1, 2)] +2M (1, 2) L(t, 7, K{1, 7)) = ‘ or

(24)

o(t,s)W(t)o' (t,z)
whenever k& € Kj;. In order to see this, write O(k) as the sum OW (k) + O@ of two

operators, where O involves the partial derivative of exactly the i-th order; see (10). Then

OW(E)[M?(t,x)] = 2M (t, z)OW (k)[M(t, z)], which by Lemma 4.1 becomes
OW (k)[MP(t, )] = —2M (¢, ) [OP[M (¢, 2)] + L(t, 2, k(t,7))] . (25)

Substitute in (24)) to get

2

OM(t,x)

9% (26)

ODM2(t, )] — 2M (t, 2)OD[M(t, z)] = ‘

o (t,p)W (t)o" (t,2)
for t € T, x € R". Note that k£ does not appear explicitly in equation (26). Note also that

because O = Ltr (a(t, )W (t)o'(t, :L‘)a—z) , (26) is equivalent to

-2 Ox2
1 , O*(M?(t,x)) O*M(t, )
2
‘3Ma(t, x) (27)
T Ae(ta)W (o (t2)
However,

O*M?(t, ) PM(t,x)  _OM(t,z) (OM(t,x) ,

0?2 —2M(t, ) or?2 2 Ox Ox ’
which combines with (27) to establish (24). O
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Theorem 4.4 (Verification Theorem). Let M be an admissible mean cost function satisfying
M2(t,x) € CH*(Q) NC(Q), and let Ky be the associated non-empty class of admissible
control laws. Suppose that a nonnegative function V* € CI}’Q(Q) N C(Q) is a solution to the

partial differential equation

2

min O(k)[V*(t,z)] +

keEK

=0, V(tz)€Q, (28)

o(ta)W (t)o! (t,2)

oM (t, )
ox

together with the boundary condition V*(tp,x) = 0. Then V*(t,z) < V(t,z; k) for every

k € Ky and any (t,x) € Q. If in addition such a k satisfies the equation

O(k)[V*(t,z)] = min {O(k)[V*(t,z)]}

kEK

for all (t,x) € Q, then V*(t,z) =V (t,x; k) and k = ks s an optimal control law.

Proof: From (28) for each k € K, and (t,2) € Q

2

OM(t,x)
ox

o(ta)W (D)o’ (t,2)

O(k)[V*(t, )] + ‘

> 0. (29)

Because = is a Markov diffusion process, and because V* M? € C’I}’Z(Q), we may use the

Dynkin formula (11) to obtain

VAt 3) = By { / YOV (s, (s))] ds} (30)

and
tp

M2(t,z) = By {/t

By (29) and (30), we get, with the aid of the notation Ly = L(s, z(s), k(s, z(s))),
OM (s, z(s)) [

tp
Vi(t,z) < Eu {/ ds}
t Oz o (s,2(5))W ()0 (s,(5))

= E, {/tp [O(k)[Mz(s,x(s))] + 2M(s,x(s))Ls] ds},

t

—O(k)[M?(s,2(5))] ds + il)z(x(tF))}- (31)

where we used (24) to obtain the last expression. Use Definition 3 and (31) to get

Vit ) < By {/;F IM (s, (s)) Ly ds + wQ(a:(tp))} .
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By the analysis in the proof of Theorem 4.2, the above inequality becomes Vi (t,z) <
Vo(t, z; k), which in turn implies V*(¢,2) < V (¢, x; k). a

Equation (28) in Theorem 4.4 differs from the classical HJB result for minimal mean
controllers in that the integrand function L does not appear explicitly. In order to compare

kirar with k3, recall that V)" satisfies (see for example [33])
min[O(R) [V (t,)] + Lit, 2, k(t, )| = 0 (32)

together with the terminal condition V*(tp,z) = ¢ (x). Equation (23) may therefore be

compared with a minimal mean problem in which

2

OM(t,x)

ox ’ (33)

o(t.)W ()0 (t,z)

L(t,z, k(t,z)) = ‘

provided that it is realized in (23) that the control law is constrained to be in the class
K, whereas in (32) it is constrained only to be an admissible function of its arguments.
Thus an analogy between the MCV problem and a minimal mean problem with control law
constraints, but no cost of control action, can be drawn immediately. The precise nature of

this analogy depends upon the nature of f.

5 Solutions of MCV Control

In this section we derive the full-state-feedback solution of the MCV control problem
for a linear system and a quadratic cost function. Here we will look for an admissible
linear controller that minimizes the variance of the cost function. We consider the class of
admissible controls that satisfy the equation L(¢,z, k(t,x)) + O(k)[M(t,z)] = 0. We assume
that L, f, and M are given, and we wish to find k. Henceforward we will write o (¢, z) = E(t),
and make the assumptions

o(t,x) = E(t), (34)
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L(t,x, k(t,x)) = h(t,z) + k'(t, 2) R(t)k(t, z), (35)
Y(x(tr)) = 2" (tr)Qra(tr), (36)
ft,x, k(t,x)) = g(t,x) + B(t)k(t, z), (37)

where & is an admissible feedback control law; h : Qy — RT is C(Qo) and satisfies the
polynomial growth conditions assumed for L; and g : Qy — IR" is C'(Qp) and satisfies
the linear growth condition and the local Lipschitz condition assumed for f. Moreover
E(t),R(t) > 0, and B(t) are continuous real matrices of appropriate dimensions for all
tel.

Here we state the results of Liu and Leake [17]. Let 2 € R™ be a real n-vector, z(z) and

y(z) be real r-vector functions, and a(x) be a real function defined on IR".

Lemma 5.1 Let y(z) and a(x) be given. Then there exists z(x) which satisfies the condition

(2(2), 2(x)) + 2(2(2), y(x)) + a(z) =0 (38)

if and only if |y(z)|* > a(z). In such a case, the set of all solutions to (38) is represented by

z(z) = B(z)a(r) — y(z) (39)

M

where 3(z) = (ly(x)|* — a(z))

and a(zx) is an arbitrary unit vector.

Proof: The sufficiency follows by direct evaluation. To show the conditions are necessary,
note that |y|? < o implies that |z + y|? < 0, which is a contradiction. Let w = z + y, then

l, we have w = fa, and (39) follows. O

|w]

38) implies that (w,w) = (?; taking a =
( g

Lemma 5.2 (Liu and Leake Lemma). Let X be a positive definite symmetric-real matriz.

Then there exists z(x) which satisfies the condition

(2(z), X2(2)) + 2(2(2),y(2)) + a(z) = 0 (40)
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if and only if (y(x), X ty(x)) > «a(x). In this case, the set of all solutions to (40) is
represented by

2(z) = B(@)H 'a(z) — X 'y(a) (41)

where

N

B(z) = ((y(@), X 'y(2)) — a(w))?, (42)

H is a non-singular matriz such that X = H'H, and a(z) is an arbitrary unit vector.

Proof: The existence of such an H is well known. One instance is sometimes denoted X3.
No difficulty accrues due to the non-uniqueness of H, because it is subsumed into the unit
vector a(z). The proof of this lemma follows from Lemma 5.1 by a change of variables
z=Hzand g=(H")y. O
Remark: The presence of the term involving the unit vector a(z) in (39) is worthy of
reflection. The only way in which this term can vanish is for 3(x) to vanish. Later, in the
application of this result, the term will appear in a product with another vector Gz, for G a
matrix, and will be chosen to be in the direction opposite to that of Gx. This means that,
whenever x approaches the null space of G, it is not possible to define a unique limiting value
for the unit vector. Therefore, in order for the term to remain continuous as x approaches

the null space of G, we shall simply require that (z) then approach zero.

Lemma 5.3 Assume that M € C}?(Q) N C(Q) and that the above assumptions (34)-(37)

are satisfied. Then we have a solution k(t,z), which may or may not be admissible, if and

only if
: (LM;Z x)>IB(t)R1(t)B'(t) (—GMQ;’ ”“")>
S OM(t,z) 1 O*M(t,x)

Z > + 3 tr <E(t)W(t)E’(t)T2’> + h(t,z) + ¢'(¢, x) (%) .
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Proof: Rewriting,

OM(t,x)

T + L(t,z, k(t,z)) + %tT (U(taﬁ)W(t)UI(tax)aQMi(z,xU

ox
oM (t,x)

(b, k() =5

~ 0. (43)

By substituting expressions for (34), (35) and (37) into (43) and suppressing the arguments,

we obtain,

oM 1 0PM oM (oM
a—+h+kRk+2t7”<EWEa >+g<8x>+k8<6a:>_0 (44)

One can then solve the above equation for k, using the method of Liu and Leake; see

Lemma 5.2. We may identify from (44) z & k£, X & Ry < %B’%—Af, and a & 33—];4 +

ltr (EVVE"9 M) +h+9g'5> OM -~ Accordingly, we must satisfy

oM L [ OM oM 1 ,0° M , [OM
> 4= -
<8x>BR B<6$> g +2”<EWEeh2>+h+g<ax>’ (45)
which corresponds to (y(z), X 'y(z)) > a(x) condition in Lemma 5.2. O

Now we are ready to characterize all controllers, k € K.

Theorem 5.1 Assume that the condition of Lemma 5.3 is satisfied. Then a control law k

is in Ky if and only if (1) it is admissible and (2) it is of the form

k(t7) = Bla)H 'a(z) — %Rl(t)B’(t) (%) | (46)

where a(x) is an arbitrary unit vector, H'H = R, and

oM oM\ oM 1 92M oM
o= {1 (@) oo () 5 o) oo () o

Moreover, B(x) = 0 corresponds to the optimal mean cost law.

Proof: See Lemmas 5.2 and 5.3. Now for any admissible control law, we have from (44)

the equation

0*M
ox?

M M
a_] cwre+ kB2 — g (48)

ot 2

oM 1
o0x ox

——+—w<EWE’ >+h+j
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Incorporating (45), we obtain

(k Rk + k'B’ (%f)) > — (%f) BR™'B’ (%ﬁf) (49)

The left hand side of the above inequality is —« (see (48)), and the right hand side is
—(y, X 'y). Thus if k is the minimal mean cost law then § = 0 and M (t,z) = Vi (t,z; k) =
Vi*(t, ). If k is not the minimal mean cost law, and (45) is satisfied, then 3 > 0. O
For a wide variety of problems, therefore, we have shown that sub-optimal mean control
introduces the possibility of reducing variance, that is, we have some freedom in selecting
a(x).
To find the solution of the MCV control problem, we rewrite the HJB equation (28) of

Theorem 4.4 as

—oV*
% = min [f’(t,aﬁ,k(t,x))

keEK )y

oV*(t, x)
ox

+%tr (0(@ x)W(t)U'(t’x)%>

] (50)

‘8M(t, z)[”
_|_ .
W0 (1)

ox

with boundary condition V*(tp, z) = 0.

Theorem 5.2 Assume that the conditions of Theorem 4.4 and Theorem 5.1 are satisfied.

Then a nonlinear optimal MCYV control law is of the form

—B(x)R(t)B'(t) (%S’I)) _ —R_l(t)B’(t) <M> ; (51)

av OV (t,7)
‘ B'(t) 58 ox

N | —

RL(t)
provided that B’(t)%&t’w) 1s nonzero, and the optimal cost function V* satisfies the partial

differential equation

ov: v OV ,8V* oM L [OVF
ot 6‘(}[ )'B oxr t9 oxr <8x>BR B<8x>
VAVAS 2
+1 tr EWE’a v + oM , (52)
2 ox? ox EWE
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with boundary condition V*(tp,x) = 0. Moreover, whenever B’(t)%g’x) is zero, then [((x)

is also zero; and ki, (t, ) employs only the second term —sR7(t)B'(t) (8]\/‘[3&@)) in (51).

Remark: When B’(t)%g’x) is zero, then, M satisfies the partial differential equation for

the minimum mean cost problem, as can be seen from the form for 3(x) in (47). For pairs
(t,x) at which this occurs, then, we may see the controller accumulating average cost at the
same rate as would a minimum average cost controller.

Proof: From the HJB equation (50), we obtain

2

_ovr

ove| 1 o*V* oM
= mi "+ k'B —tr | EWE'
5l J&MH >ax]+2T(W ax2>+‘ax e
with boundary condition V*(tp, z) = 0. Substituting (46) into (53), we obtain
V™ ) oV ov: 1 (oM ov*
_ — : H*l IBI ! I el BRleI o
o ﬁ?“ilﬂ“( ) <8x>]+g3x 2<ax> (m)
1 2y M|
+—tr EWE’a v + oM . (54)
2 ox? 0T | pyy i

The minimization is achieved by choosing

—— ((Hl)’B' (8((; )) , (55)

where a* ((H’l)’B’ (%)) is a unit vector in the direction of (H ') B’ (%), when it is

nonzero. Notice that, when this quantity is zero, the bracketed term in (54) vanishes.
Therefore, we can rewrite (54) in the manner (51), and the result follows. O

Our next step is to examine 3(x) in the case in which the dynamical system is linear and
the cost function accumulates at a quadratic rate. We do not yet assume that the controller

is linear, but we shall assume that the average cost function is quadratic:
M(t,z) = ' M(t)x + m(t), (56)

so that we can obtain the explicit evaluations

0*M(t, )
0x?

= 2M(t), % —IM(t)x, —— =2 M(t)x + 1n(t), (57)
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with which one obtains the following lemma.

Lemma 5.4 Invoke the assumptions of Lemma 5.3, together with (56). Then, for the

quadratic cost rate accumulation and linear dynamical system cases,

h(t,z) = 2'(H)QM)x(t), Qt) =0,
g(t,z) = A(t)x(t), (58)
of (85) and (37), we find B(x) in (46) to be B(x) = |x|r —m — tr (EWE'M), where
REMBR 'BM—M—Q— AM+ MA. (59)
Moreover, if B’(t)a%g’m) is zero when x is zero, then
= — tr (EWE'M). (60)
A particular case of this situation occurs when

V*(t,z) = 2'V(t)x +v(t), (61)

in which case the optimal MCV control law (51) can be rewritten as

—|z|x R (t) B'(t)V(t)x
|B' &)V ()2|r-10)

kv (t, ) = — R (OB ()M (t)z, (62)

provided that B'(t)V(t)x is nonzero. When B'(t)V(t)x is zero, |x|g is required to vanish. so

that only the second term in the right member remains.

Proof: We must return to (47) to find #(x), which is rewritten as

2

1| ,0M oM 1 02 M oM
2=_|B—| ———=tr|EWE —h—¢— 63
b 4‘ or |, 0O 2T< 8x2> e (63)
Now substitute (56) to obtain
]_ .
B = {1B2Maf s — o' M — i — tr (EWE'M) — h - g'2Ma. (64)
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From (64) and (58) we obtain

§ = |x|3\ABR—1B’MfM7Qf(A’M+MA) — 1 —tr (EWE'M), (65)

which is written as 32 = |z} — 1 —tr (EW E'M) . Then, if #(x) vanishes when B'(t)2-2)
is zero, we have m = —tr (EW E'M) as a constraint on our choice of m(t). O

Let us now restrict the class of controllers, K, to be vector space morphisms. To denote
this, we replace the notation Kj,; by K. It follows from the work of Liberty and Hartwig
[16] that M and V are then quadratic, which is consistent with the assumptions and results in

the foregoing lemma. It is straightforward to see that (62) defines a homogeneous mapping,

by k{‘,‘M(t, azx) = ak{‘,|M(t, x). Indeed, the result follows by the definition

f(x) = |z|=/|z|vBR-1BV) (66)

on the domain in which |z|ygp-1p does not vanish, together with the observation that
f(ax) = af(z) on this domain. We shall extend this to the point x = 0 momentarily. But
the question of whether or not kf, 1 (t, ) is a morphism under the addition of vectors needs

further examination. The basic idea which we require is given in the following lemma.

Lemma 5.5 Let f(x) be given by (66), and consider the controller term —f(x)R'B'V. If
this term is a morphism of vector addition, then f(x) is constant for all x such that B'Vx

1S NONZEro.

Proof: Denote by z; and x5 two values of z satisfying the assumptions of the lemma.
Examine first the case in which z; and z, are chosen so that B'Vx; and B'Vz, are linearly

independent. Additivity implies that
—RilB,V[l'l + l’Q]f(ZUl + I'Q) = —RilB,Vl'lf(l'l) — RilBIVl'Qf(l’Q) (67)

so that
Lf (21 + w2) — f(20)]BVay + [f (21 + 22) — f(22)]B'Vay =0, (68)
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and it is necessary to conclude that f(z; + z3) = f(z1) = f(z2). Turn now to the case
in which the two vectors B'Vx; and B'Vx, are not linearly independent. Let o be a real
number such that B'Vx; = aB'Vzx,. In this situation, B'V(x; — axy) = 0. By additivity, it

follows that
0=—R 'B'Vr f(x1) + aR 'B'Vayf(xs) = —[f(z1) — f(z2)]R BV, (69)

so that f(x1) = f(x2). O
With the preceding results in hand, we are now able to conclude how the constant

character of f(x) induces a corresponding relationship between the weighting matrices in

f().

Lemma 5.6 Let R and VBR 'B'Y have identical null spaces, and consider the function

f(z) defined by (66) on the domain in which |x|ypr-1py does not vanish. Then f(z) is

equal to a (positive) constant vy on this domain, if and only if R = v*VBR™'B'V on the

domain.

Remark: The assumption that R has the same null space as VBR™'B'Y is quite natural.
Of course, the null space of R must contain that of R=*B'V, by our foregoing discussions.
Moreover, if this containment were strict, then the only possible constant behavior of our
function would be zero. This is of course unduly restrictive. So we set the two null spaces
equal to each other.

Proof: Notice that R and VBR 'B'V are nonnegative semidefinite. Thus v must be
seen as positive. Sufficiency of the lemma is of course straightforward. Necessity follows by

construction of the gradient vector, which is given by
[(f(2))""Ra — f(&)VBR™' B'Val/lz[}pr-1 sy, (70)

from which it follows that [y"'Rz — yWBR™'B'Vx] = 0 on the domain, and a simple multi-

plication by v achieves the result, as desired. Notice that Rx does not vanish on the domain,
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so that the function f is nonzero for the values of x considered. a
Remark: Inasmuch as this equation holds over the entire nonzero images of the two mem-
bers, there is clearly no loss of generality in extending the domain of the equation to the
whole space.

The solution to the full-state-feedback MCV control problem with linear controller is

then given by the following theorem.

Theorem 5.3 Assume V* € C)*(Q) N C(Q) and the same assumptions as in Theorem 5.2
and Lemma 5.4. Then for k € Ky, there exists a linear MCV controller, if and only if

there exist solutions M and V to the pair of matrixz differential equations
M+ AM+ MA+Q—- MBRB'M+~*VBR'B'V =0, (71)

V+AMEWE M + A'Y + VA -~ MBR BV —VBR 'B'M —2yVBR'B'V =0, (72)

with boundary conditions M(tr) = Qp and V(tr) =0, for a suitable positive time function

v(t). In such a case, the controller is given by
Kyt o) = =R7H ) B'()[M(1) + v (t)V(1)]. (73)

Remark: In these equations, the choice v equal to zero results in the classical minimum
mean cost situation.

Proof: Using the development above, and (61), (52) is rewritten as

et~ = —\|z[k —m — tr (EWE'M) (2B'Va|g-1) + tr (EWE'V)

1
+ [2Ma |Gy + 22 AV — 5(zMsc)’BR*IB'(m}x)

with boundary condition V*(tg, ) = 0. We first note that © = —tr (EWE'V), v(tg) = 0, so

that



We also have m(t) = [ tr (E()W (1) E'(T)M(7)) dr with m(tz) = 0. Collecting |x|? terms

we end up with

0= |2}, spmmwmatsaviva msr-ipv ver-1mam — 2|TRITVER-1BY, (74)

which is denoted by 0 = [z]Z,) — 2[x|r()|z]s@) Now rewrite (62) in the form

|z ]w ()

kvt 2) = —R™H(t) B'(t) [M(1) +
|2y R-1 ()8 1YV (1)

V()

Because we are considering only linear controllers, we know from Lemma 5.5 that f(x),
defined in that lemma, must be constant on the domain in which B'(#)Vz is nonzero. But
then the proof of Lemma 5.6, under our assumptions, implies that f(z) must then be constant
for all , provided that we agree to define it equal to the same constant value on the nullspaces
discussed above. Then Lemma 5.6 gives (71). Moreover, (72) is then a consequence of (74).

We can then write the expression for the controller in the stated form .

6 Earthquake Application

A three-degree-of-freedom (3DOF) structure under seismic excitation studied in this
section. We illustrate how cost mean and minimal cost variance are related to constant
parameters . Performance characteristics, such as the standard deviation of displacement
and control force are also illustrated. Finally, we indicate the way in which control energy
is related to the selected structure energy, through the cost functional, as the parameter ~y
varies.

Consider the 3DOF, single-bay structure with an active tendon controller as shown in
Figure 2. The structure is subject to a one-dimensional earthquake excitation. If we assume

a simple shear frame model for the structure, then we can write the governing equations of
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Figure 2: Schematic Diagram for Three Degree-of-Freedom Structure

motion in state space form as

0 1 0 0
dr(t) = x(t) dt + u(t) dt + dw(t)
~-M'K, —-M;'C, M !B, —I
where ) ) ) )
m 0 0 —4k,. cos
M, = 0 my O , Bs = 0 )
0 0 mg 0
c1 + ¢ —Ca 0 -‘ 1 kl + kg _k2 0 -‘
Cs = —C2 Co+c3 —cC3 |> [y = 11, K, = —ks ko + ks —ks |
0 —C3 C3 J 1 0 —k3 k3 J

m;, ¢;, k; are the mass, damping, and stiffness, respectively, associated with the i-th floor of
the building, and k. is the stiffness of the tendon. The (non-standard) Brownian motion
term has W = 1.00 x 27 in?/sec®. The parameters were chosen to match modal frequencies

and dampings of the experimental structure in [4]. The cost funtion is given by

7= T (KA + k() dt,
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Figure 3: Cost Mean; Full-State-Feedback, MCV, 3DOF

where z is a vector of floor displacements and z = [2Z]'.

Figure 3 shows that the average value of the cost function E{J} increases as the MCV
parameter v increases. On the other hand, the minimal associated variance of the cost
function decreases. See Figure 4. Recall that the v = 0 point corresponds to the classical
LQG case. Figure 5 shows the RMS displacement responses of first (o,,), second (0,), and
third (o,,) floor; and the RMS velocity responses of first (0,,), second (0, ), and third (o, )
floor respectively, versus the MCV parameter, v. It is important to note that both third
floor RMS displacement and velocity responses can be decreased by choosing large . For
larger v, note that we require larger control force, which means that more effort is needed

to reduce the RMS displacement and velocity responses. See Figure 6.
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Figure 4: Optimal Variance; Full-State-Feedback, MCV, 3DOF
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Figure 5: Displacements and Velocities; Full-State-Feedback, MCV, 3DOF
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Figure 6: Control Force; Full-State-Feedback, MCV, 3DOF
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7 A Simple Distribution Function Shaping Example
Consider a system described on the interval 7' = [0, 1] by
dz(t) = x(t) dt + u(t) dt + edw(t)

where the state xz(t) € IR, the control action u(t) € R, w(t) is a standard Brownian motion
with e? = 0.25, 29 = 1, and incremental covariance of xy = 0. The cost function is given by
J = [} [2%(t) +u?(t)] dt. The MCV feedback controller for the full-state-feedback case is used
for several values of 7. For each of these controllers we calculated the feedback control gain
matrices and plotted the density and distribution graphs. We also graphed the same items
for J, = [y 22(t) dt, and J, = [y u*(t) dt. Figure 7 shows the density graphs for v = 0,2,
and 4. We note that the mean is smallest for v = 0 and largest for v = 4. From Figure 8, we
notice that the probability of J being smaller than a particular .J; is largest for v = 0 and
smallest for v = 4 with v = 2 in between those two. If we are trying to find a controller that

would give the best chance of giving smaller cost, we should choose v = 0 in this example.
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Figure 7: Density Function of the Cost, J; MCV Control
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Figure 8: Distribution Function of the Cost, .J; MCV Control

In Figures 9 and 10, we have density and distribution graphs for .J,, respectively. Then in
Figures 11 and 12, we have density and distribution graphs for .J,. Notice that as v increases
the density of J, shifts to the left while the J, graphs shift to the right. This corresponds

to the tradeoff between the control effort and the state regulation.
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