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We analytically describe the effect of phase matching conditions on femtosecond 

BOXCARS lineshape and demonstrate quantitative agreement with experimental spectra 

for the oxygen vibrational transition, =Δ 01G 1556.4 cm-1. 

 

Introduction  

Phase matching is an essential component for all nonlinear conversion processes 

and must be taken into consideration for quantitative line shape analysis.  For coherent 

anti-Stokes Raman scattering (CARS) a maximum in the signal intensity (resonant or 

nonresonant) occurs when the phase matching condition 

021 =−−+=Δ CARSSPP kkkkk  is satisfied, where 1Pk , 2Pk , Sk , and CARSk  are the 

wave vectors for the two pump, Stokes and CARS beams, respectively. The simplest 

means of achieving phase matching in CARS is through collinear beam geometry, with 

the CARSk  photons generated in the same direction as the pump and Stokes beams.  Phase 

matching conditions for the collinear configuration are increasingly relaxed as the beams 



become more tightly focused into the sample [1]. Femtosecond CARS (fs-CARS) has 

been performed in the collinear configuration in two basic versions: (i) broadband 

experiments, where all beams are of fs duration [2]; (ii) multiplex experiments, where 

only the Stokes beam is typically of fs duration [3-6], and where many transitions can be 

simultaneously excited and detected.  The principle drawback to collinear CARS is the 

necessity to filter the output signal from the input beams. 

 An elegant means of avoiding the inherent background from the excitation beams 

present in the collinear setup was developed using a BOXCARS beam geometry to 

impart a unique direction on CARSk  for spatial filtering [7, 8]. Long in use in the ns and ps 

regimes, BOXCARS has recently become an important tool for experiments requiring fs 

time resolution, for instance, in measurements of temperature [9-12], rotational and 

vibrational constants [9, 10], and wavepacket dynamics [13].  

In the fs pulse regime, the BOXCARS beam geometry does not afford the same 

simplicity in phase matching as does the collinear geometry [1]. An appreciable wave 

vector mismatch occurs between the various frequency components within the fs pulses 

due to the broad bandwidth and noncollinearities. This necessitates a detailed analysis of 

the phase matching conditions, because no practical experimental means exists to 

compensate for the wave vector mismatch in fs BOXCARS. In this letter we present a 

theoretical description that accounts for the broad bandwidth of the fs pulses and the 

corresponding phase matching effects on fs-BOXCARS. This theory is compared to 

experiments on O2.  

 



Theory 

We will consider the phase matching conditions for fs BOXCARS as outlined in 

the inset to Figure 1. The two pump beams of frequency Pω  that impinge the focusing 

lens (L1) lie in the horizontal plane and are separated by a distance d; the Stokes beam of 

frequency Sω  is incident at a distance h above the plane of the pump beams. Both L1 and 

L2 lenses have the same focal distance,  f. 

 

Fig.1. Typical dependence of CARS signal intensity on CARS photon energy for two 

different Stokes photon energies in fs BOXCARS experiment. Circles represent the 

experiment, dashed line – the theory without a correction on phase mismatch, solid line – 

the theory with the correction. The inset shows the beam geometry for folded BOXCARS 

and phase-matching conditions for fs BOXCARS (see details in the text) 

The finite diameter of the beams ( 02r ) and finite duration of the pulses are two 

major sources of phase mismatch in fs BOXCARS. The finite diameter leads to mismatch 
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of the directions of the participating wavevectors Sk  and 'k S  shown in the inset to Fig. 1. 

This detuning of the Stokes wavevector as a function of angle is 0~ r h . The finite (and 

short) temporal duration of the pulses leads to a relatively broad frequency distribution 

and thus causes considerable detuning of the wavevector magnitudes within a given laser 

pulse. For the same Stokes beam, this detuning is SS cωδω /~ . The phase mismatch 

tolerance to the frequency deviations and the corresponding phase mismatch attenuation 

of the output CARS signal will be determined by the interaction length and the transverse 

beam profiles.  

To account for CARS output signal distortion due to phase mismatching, we 

assume that the system is tuned to achieve perfect phase match for infinitely narrow 

beams and that the beam frequencies satisfy 1 2 0P P Pω ω ω= =  and 0S Sω ω= . In this case, 

the energy and momentum conservation rules, 1 2P P S CARSω ω ω ω+ − =  and 

1 2P P S CARS+ − =k k k k , stipulate the following relation between 0Sϕ  and 0Pϕ , the angles 

of incidence for the excitation beams at the focal spot (see the inset in Fig. 1): 
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Small deviations of the frequencies and the angles from their phase-matching values 

bring about the phase mismatch in the CARS wavevector. Let us assume that in the plane 

of the lens L1 in Fig. 1, the three beams are centered at the points satisfying the 

conditions of Eq. (1); the beams have transverse Gaussian shape with the same diameter  

hdr ,2 0 <<  and small frequency deviations, 0S S Sδω ω ω= − , 1 1 0P P Pδω ω ω= − , and 

2 2 0P P Pδω ω ω= − . Then, for the portions of these beams that have the local Cartesian 



coordinates ,i ix y (i = S, P1, P2) measured from the respective beam center, the amount of 

the wavevector mismatch is obtained as, 
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to the first order of the small parameters, ix f  and 0i iδω ω . This correction leads to 

the relative suppression of the CARS output through the spatial mismatch attenuation 

factor, ( )1 2, ,P P SG δω δω δω , produced by the averaging of the usual factor, 

( ) ( )22sin CARS CARSl k l kδ δ , with the Gaussian profiles of the three beams and thus 

determined by the interplay of the effective interaction length, l , and the transverse 

distribution width of the pump and Stokes beams, 0r . 

For the small-angle experiment setup considered here, l  is approximately found 

as the intersection of the three Gaussian beams in the focal region. The sine function is 

fast-oscillating on the 0r  scale; thus we can approximate the averaging integral and obtain 

(for 1 2P Pω ω= ) the following simplified expression for the mismatch attenuation factor: 
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where d is the distance between the two pump beams on the focusing lens and 

( )2RES P RESg ω ω ω= − . 

Experimental setup  

A 50 fs Ti:sapphire regenerative amplifier was used to generate pump pulses 

centered at 800 nm with a 425 fs pulse duration and 1 kHz repetition rate and to pump the 



optical parametric amplifier (OPA) generating the 140 fs Stokes.  The OPA was scanned 

to provide all the necessary Stokes frequencies.  The excitation beams were focused (f = 

25 cm) into an optical chamber to measure a spectrum of oxygen (300 K, 1 Atm.)  

Results and discussion  

Figure 1 displays measurements of spectrally-resolved fs BOXCARS signal 

collected with the Stokes photon energy detuned from resonance for a) 28 meV and b) 44 

meV (corresponding to 0Sωh = 1.385 eV and 0Sωh = 1.401 eV, respectively, with the 

resonance condition occurring at 0Sωh = 1.357 eV.). The experimental measurements 

(circles) for the oxygen vibrational transition =Δ 01G 1556.4 cm-1 (that is 

=− 00 SP ωω hh 193 meV) display a peak centered at =CARSωh 1.743 eV for the resonant 

signal with a spectral position independent of 0Sωh . The broad peak in each spectrum 

corresponds to the nonresonant contribution (with position dependent upon 0Sωh ).  

In a simple collinear geometry, the dependence of the emitted CARS signal on the 

CARS and Stokes frequencies, at a fixed frequency of the pump beam, can be describe by 

a model theoretical curve [14], 
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where ( ) ( )( ) ( )2 1 2F S P CARSω α ω αω α ω α= + Ω+ + − + + ; the parameters σ  and α  are 

given by the pump and Stokes linewidths: ( )( ) ( )21 (2 )4ln 2PFWHMσ α α= + + , 

( )2
S PFWHM FWHMα = . In Fig. 1, the dashed curve corresponds to a fit using Eq. (4) 

without taking into account the geometrical phase mismatch that occurs for each Stokes 



photon energy. The solid curve is a fit using of Eqs. (4) and (3), including the geometrical 

phase matching correction. Only two fitting parameters, 0I  and β , were used to create 

the theoretical curves. 0I  represents the maximum intensity of the CARS signal given a 

particular experimental arrangement and β  represents the ratio of resonant to 

nonresonant signal. The remaining parameters were taken from experiment. Fig. 1 depicts 

the significant discrepancy between theory and experiment when the geometrical phase 

matching condition is ignored.  Without the correction, the peak in the resonant and 

nonresonant signal in both spectra far exceeds that in the experimental data. 
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Fig. 2. CARS spectrum of the oxygen vibrational transition =Δ 01G 1556.4 cm-1. Circles 

represent the experiment, dashed line – the theory without a correction on phase 

mismatch, solid line – the theory with the correction.  

Fig. 2 shows the CARS spectrum of the fundamental vibrational transition of 

oxygen at =Δ 01G 1556.4 cm-1.  Theoretical curves were simulated using the same set of 

parameters, as in Fig. 1.  The experimental and theoretical curves were generated by 



integrating over the CARS photon energy (integrating the curves as depicted in Fig. 1 for 

all values of Stokes detuning).  The experimental data (circles) generates a line shape that 

differs significantly from that expected due to ns CARS.  That is, the nonresonant 

background should not diminish to zero at large Stokes detunings, but should rather level 

off to some constant value that is independent of the Raman shift due to nonresonant 

electronic polarization, according to Eq. (4). The theoretical curve without phase 

mismatch correction (dashed line) predicts that the nonresonant contribution to the signal 

to remain constant with large detuning.  Upon application of Eq. (3), the theoretical curve 

(solid line) is in excellent agreement with the experimental data.   

Conclusion  

It has been shown, that for correct analysis of the data taken in fs BOXCARS it is 

necessary to take into account the phase matching conditions to accurately model both 

the linshape of emitted CARS signal and the CARS spectrum generated from the CARS 

signal as a function of Stokes wavelength. The appropriate phase matching correction 

was developed theoretically and the theoretical predictions are in good agreement with 

experiment. 
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